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1. Lich st van dé va li do chon dé tai
Ly thuyét tap mo c6 ting dung trong nhiéu linh viyc nhu théng ke, gidi
tich s6, k§ thuat diéu khién, xi 1y hinh anh va tin hiéu, k¥ thuat y sinh... Ly
thuyét diéu khién md c6 wu diém vuogt troi trong linh vuc tu dong hoa va ki
thuat véi kha ning x 1y nhiéu bai toan thuc té ma khé c6 thé mo ta bing
cong thitc toan hoc chinh xéc va diéu khién bing cac kj thuat thong thudng
11, 33, 35).

Khi mot van dé trong thé gii thyc duge mo hinh héa thanh cac bai toan
gia tri ban dau clia mot phuong trinh vi phan thuong hodc phuong trinh dao
ham riéng thi hoic 1 cac dit kién ban dau khong dugc biét chinh xac hoac 13
cac ham phuy thuoc chita cac thong sé6 khong chic chan hodc 1a diéu kién bién
c6 sai sb6 ... Vivay, yéu cau thiét yéu duge dat ra 1a lam thé nao dé gidi quyét
cac bai toan c6 chita yéu t6 mo ho, khong chac chan nay? Cau tra 1oi duge dé
xuat lan dau tién béi Gido su Lotfali Askar Zadeh, véi cac khai niém co ban vé
ly thuyét tap mo [59] va sau d6 1a 1y thuyét logic mo (ndm 1973). Mac du vay,
tam quan trong ctia 1y thuyét mo va logic m& chi dude khing dinh khi trung
tam nghién cttu logic mo cia Nhat Ban thanh 1ap vao nam 1989. Sau khi ¢6
nhiéu tng dung c6 ¥ nghia trong thuc tién, 1y thuyét mo da duge cong dong
khoa hoc thé gi6i ghi nhan, danh dau béi sy kién Vien ki thuat Dieén va Dién
ti cia My cho thanh lap tap chi "Fuzzy Sets and Systems" nam 1978 va tap
chi “TEEE Transactions on Fuzzy Systems” vao nam 1993. Cho t6i ngay nay,
c6 rat nhiéu san pham dién tit st dung cong nghé logic md nhu: may diéu hoa

nhiét do, may giat, may rita bat, thang may, may anh, tri tué nhan tao trong
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cac tro choi dién t1, ...

Trong 1y thuyét tap hop co dién, mitc do thuoc ciia cac phan ti vio mot
tap hop dudc danh gia theo hai khia canh - mot phan tit thuoc hosic khong
thuoc tap hop. Ly thuyét tap md cho phép ta danh gia mic do thudc clia cac
phan ti vao mot tap hgp mot cach "t tit". Dicu nay dude mo td bdi mot
ham thé hién "mitc do thuoc" 1ay gia tri trong doan [0,1] (ham thuoc). Tap
md tong quat hon cac tap hgp co dién, vi ham dac trung ctia tap hop co dién
la mot ham thudc dac biét ctia tap md, né chi nhan cac gia tri 0 hoac 1. Tuy
nhién, khai niém vé tap md qua rong va tong quat, vi vay mot so6 han ché
thuong dude ap dat cho cac tap md. Khi nghién citu vé giai tich md, ngudi ta
thuong xét cac bai toan trén cac tap mo c¢6 dang u : R™ — [0, 1] théa mén mot
s6 tinh chat vé tinh 16i, compact va nita lién tuc trén (duge trinh bay cu the
trong Chuong 1). Tap hgp tat ci cac tap md c6 cac tinh chat nhu trén dugce
ki hieu 1a E", va dudc goi la khong gian cac s6 ms. Dé don gian, trong luan
an nay, ching to6i trinh bay cic két qua v6i n = 1, va ki hieu E 1a khong gian
cac sd mo u : R — [0,1]. V6i « € [0, 1], ta ki hiéu tap mic clia mot s6 md u 1a

[u]®, v6i [u]® duge xac dinh boi

[u]*={z e R:u(z) >al, ac(0,1]; [u]’°={zcR:u(z) >0}

Khi d6, khong gian (F,ds ) 1a khong gian metric day du [22], véi metric do
dugce xac dinh béi

oo (U, v) = s dp ([u]®, [v]),

6 do dy la khoang cach Haussdorf gitta hai tap hgp. Phép cong va phép nhan
vo huéng trong tap cac s6 md E duge xac dinh béi tap mitc nhu sau:
udv] ={x+y:ze€uly e v} =u*+ %
Au]*={A\z:2z € [u]*} =ANul*aecl0,1],u,ve E,\eR.

V6i phép cong va phép nhan vo huéng duge dinh nghia nhu trén, (E, ®,.) tré

thanh mot khong gian nita tuyén tinh khi cac diéu kién vé tinh giao hoan, két
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hgp ctia phép ” @7 va ”.” dudc théa man. Tuy nhién rat khong may man rang
khi chuyén cac phép toan gitta cac sé6 md vé cac phép toan giita cac tap hop,
tit phan vi du rang tong [0,1] + (—=1).[0,1] = [0,1] + [-1,0] = [-1,1] # {0} ta
suy ra rang hiéu hai phan tit bat ki trong E (dinh nghia theo tap hgp thong
thuong) khong phai lac nao cling ton tai (trong F), cung véi d6 1a viec khong

ton tai phan tit d6i ctia mot phan tit bat ki va phép phan phoi
()\1 + )\2)u = \u®d \u

khong diang véi A1, A2 € R tuy §. Do d6, (E,®,.) khong phai la mot khong

gian tuyén tinh tréen R. He qua kéo theo d6 1a (E,||.||), 6 d6 ||ul| := doo(u, 0),

khong phai 14 khong gian dinh chuan, khong 1a khong gian Banach ciing nhu
khong thé trang bi tich vé huéng trén E dé bién E thanh khong gian Hilbert.
Do d6 moi két qua duge xay dung trén nén tang vitng chic ctia giai tich thuyec,
gidi tich ham, cac két qua gidi tich trong khong gian Banach khong con hitu
dung trong khong gian nay. Hon ntta, (F,d) khong la khong gian kha ly
va cling khong compact dia phuong (xem Chuong 8, [12]). Do d6 céc phuong
phap lap luan liéen quan dén tap dém dugc trit mat hay phuong phap xap xi
Galerkin, phuong phap danh gia nang lugng hodc sit dung cac dinh 1y nhing
compact hau nhu khé c6 thé sit dung trong khong gian nay. Viéc thiéu di tinh
chat tuyén tinh ctia (F,®,.), tinh kha ly va compact dia phuong ctia (E, ds)
khién cho cic nghién citu giai tich trén nén khong gian cac sé6 md gip rat nhiéu
khé khan. Va day ciing 1a 1§ do chinh, bén canh ly do vé tinh tng dung cao
trong thuc té ctia logic md va diéu khién md, khién cho giai tich md tré thanh
nhanh nghién citu méi thu hat dude sy quan tam nghién citu clia nhiéu nha
toan hoc trong thoi gian gan day.

Hién nay, cac huéng nghién cttu vé phuong trinh vi phan, phuong trinh
vi tich phan va phuong trinh dao ham riéng mdé duge xem nhu 14 mot sy mé
rong c¢6 ¥ nghia va dang thu hat dude nhicu nha khoa hoc ngoai nuée ciing

nhu trong nuéc quan tam nghién citu bdi tinh tng dung ctia nhitng moé hinh
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nay. T khi ra doi cho dén nay, hon nita thé ki, 1§ thuyét mo néi chung va giai
tich mo néi rieng van trén con dudng tu hoan thién. Do vay, 1y thuyét phuong
trinh vi phan mo, phuong trinh dao ham riéng md vi thé ciing trén con dudng
tu hoan chinh theo.

Nam 1987, Kaleva [30] 1a ngudi dau tién dua ra huéng nghién cttu vé phuong
trinh vi phan mo dya trén khai niém dao ham Hukuhara [50], dit nén moéng
cho nhiéu phét trién sau d6. Cho dén nay, nhiéu van dé trong tam ciia 1y thuyét
phuong trinh vi phan md da dude nghién citu, véi s6 lugng cac cong trinh duge
cong bd tang nhanh chong [15, 16, 38, 41, 53]. Tuy nhién, dao ham Hukuhara
c6 nhuge diém 14 duong kinh tap mic cia mot ham kha vi Hukuhara luon
tang. Diéu nay gay kho khan khi nghién cttu dang diéu tiém can hay tinh tuan
hoan ctia nghiém. Nam 2005, Bede va Gal [13] dua ra cac khai niém dao ham
suy rong cho cac ham gia tri s6 md, mé rong ciia khai niem dao ham Hukuhara,
trong dé6 tap miic clia mot ham gia tri s6 mo kha vi suy rong c6 thé c6 dudng
kinh giam. Phuong trinh vi phan moé duéi khai niém dao ham suy rong ciing
da dugce nghien cttu bdi nhiéu nha toan hoc (xem [7, 13, 14, 31, 54, 55, 57]).

Phuong trinh dao ham riéng md duge Buckley va Feuring duwa ra nam 1999
[16], trong d6 cac tac gid sit dung khai niém ham ma kha vi ctia Puri va Ralescu
dé xay dung quy trinh tim nghiém mo dua trén tinh lién tuc ciia nguyén 1y suy
rong Zadeh, tuy nhién két qua mdi chi dat duge cho mot s6 dang phuong trinh
dao ham riéng tuyén tinh cadp mot don gidn. Sau d6, Allahviranloo (2011) va
cac cong su [8] ciing ap dung quy trinh ctia Buckley va Feuring két hop vdi
phuong phap lap bién thién dé tim nghiém md ctia mot s6 16p phuong trinh
dang séng mot chiéu va hai chiéu. Trong bai béo cia Bertone cling cac cong sy
cong bd nam 2013 [15], cac tac gid da nghién cttu mot s6 tinh chat clia nghiem
md clia mot sd 16p phuong trinh kinh dién dang phuong trinh truyén nhiét,
phuong trinh truyén séng, phuong trinh Poisson véi cac tham s6 mo. Ho ap

dung quy trinh md héa nghiém cé dién két hgp véi tinh lién tuc ctia nguyén ly
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suy rong Zadeh dé chitng minh duge mot s6 tinh chat dinh tinh ciia nghiem md
thong qua cac tap mic. Bén canh d6, mot s6 nha nghién citu da thanh cong
trong viéc mo hinh héa cac qua trinh trong thé giéi thyc bdi phuong trinh dao
ham riéng ma. Trong bai béo [29], Jafelice va céc cong su da sit dung phuong
trinh khuyéch tédn véi cac tham s6 md dé mo hinh héa cho sur chiém git lanh
tho va sut dich chuyén ciia loai kién xén 14 & ritng Amazon. Phuong phap ding
mo hinh khuyéch tan mo ctia Jafelice té ra uwu viét hon cdc mo hinh truyen
théng & chd né cé thé tich hop nhitng yéu t6 khong chac chin, khong ré rang
vao cac hé sinh hoc. Chiing ta c6 thé tim thdy mo hinh ctia phuong trinh dao
ham riéng mo trong cong nghiép dau moé trong cuén sach cia Nikravesh nam
2004 [47]. Truong hop tong quat, cAc qua trinh cong nghiép trong ty nhién
thuong phitc hgp va khong chac chan. Do d6 cac nghién cttu vé phuong trinh
dao ham riéng md 1a c¢6 ¥ nghia quan trong trong ca 1y thuyét va thuc hanh.
Nhung cho dén nay, cac nghién cttu vé linh vizc nay con rat it v méi chi ding
lai 6 nhitng két qua ban dau cho nhitng 16p phuong trinh don gian.

Dugc thic day bdi cac Iy do néu trén, ching toi chon dé tai "Bai toan bién
déi v6i phuong trinh dao ham riéng mo dang hyperbolic" v6i mong mudn bude
dau gop phan xay dyng 1y thuyét toan hoc chat ché nghién citu vé cac bai toan
bién cho phuong trinh dao ham riéng c6 an ham nhan gia tri s6 md. Cac két
qué nhan dudc 1a sy ton tai nghiém va mot s6 tinh chéat dinh tinh ctia nghiém
ctia bai toan bién dia phuong (local) cho phuong trinh hyperbolic ms ¢6 tré va
phuong trinh dao ham riéng md dang hyperbolic bac phan sé trong cidc mién
bi chan va mién khong bi chin.

2. Muc dich - Déi tudng - Pham vi nghién citu ctia luan an

e Muc dich clia luan 4n 13 nghién cttu tinh giai dude cling nhu mot s6 tinh
chat dinh tinh ciia nghiém ctia mot s6 16p phuong trinh dao ham riéng
mo. Mot s6 quy trinh tim nghiém mo xap xi ciing duge dua ra trong vi

du minh hoa cu thé.
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e Do6i tugng nghién cttu ciia luan an 1a phuong trinh hyperbolic md c6 tré

va phuong trinh dao ham riéng mo dang hyperbolic bac phan sé.
e Pham vi nghién citu ctia luan a4n bao gom:

o Cac két qua ve Iy thuyét diém bat dong trong céc khong gian tritu

tugng, khong gian metric, khong gian metric nita tuyén tinh.

o Ly thuyét gidi tich mo: tinh lién tuc, tinh kha vi Hukuhara suy
rong, tinh kha vi Caputo suy rong va mdi quan hé gitta cac khai
niém trén.

o Ung dung giai tich md, 1y thuyét diém bat dong dé nghien ciu bai
toan bién cho 16p phuong trinh vi phan, phuong trinh dao ham riéng

N

mo.
3. Phuong phap nghién ctru

e St dung kién thic vé giai tich ham, khong gian metric va 1y thuyét diém

bat dong, gidi tich da tri, Iy thuyét do do, gidi tich ma, gidi tich tap hop.

e Stt dung phuong phéap phan ti bi chin, nguyeén 1y suy rong Zadeh dé xay

dung thuat toan tim nghiém mg.

4. CAu tric va cac két qua ctia luan an

Ngoai phan Mé dau, Két luan, Danh muc cong trinh da cong bo va Tai
lieu tham khéo, luan an dugc chia lam 4 chuong;:
Chuong 1. Kién thic chuan bi: Trong chuong nay, ching toi trinh bay mot
s6 kién thiic co s vé 1y thuyét tap md, sé6 md va giai tich mo duge tong két tir
cac cudn sach chuyen khéo ctia B. Bede [12] va Lakshmikantham [37].
Chuong 2. Bai toan bién dbi véi phuong trinh hyperbolic md cé
tré: Trong chuong niy, ching t6i nghién cttu tinh gidi duge ciia phuong trinh
hyperbolic md& c6 tré v6i dao ham Hukuhara suy rong trén mién bi chan va

mién vo han. Mot s6 vi du dude chiing toi dua ra trong phan cudi chuong dé
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minh hoa cho cac két qua dat dugc.
Chuong 3. Bai toan bién dbéi véi phuong trinh dao ham riéng md
dang hyperbolic bac phan sb: Trong phan dau chuong, ching toi xay dung
khai niém tich phan Riemann-Liouville v& dao ham Caputo bac phan sé cho
ham hai bién gi4 tri s6 md. Sau d6, chtiing t6i nghién citu tinh gidi duge ciia bai
toan bién do6i véi phuong trinh dao ham rieng mo dang hyperbolic bac phan
sO trén mién bi chin va trén mien vo han.
Chuong 4. Mot sb tinh chat dinh tinh ctia nghiém ctia phuong trinh
dao ham riéng md& dang hyperbolic bac phan sé6: Chuong 4 nghién ctu
vé tinh 6n dinh Ulam, tinh én dinh theo nghia Lyapunov ciia bai todn bién
dia phuong cho phuong trinh dao ham riéng md dang hyperbolic bac phan sb.
Céac két qua chinh ctia luan an da duge cong bd trong 04 bai bao trén cac
tap chi khoa hoc chuyén nganh (liét ké 6 muc "Danh muc cong trinh khoa hoc
clia tac gid lien quan dén luan an"), 01 bai da dugc nhan dang. Cac noi dung

chinh trong luan an da dugc bao cao tai:

1) Seminar ctia Bo mon Giai tich, Khoa Toan - Tin, Truéng Dai hoc Su

pham Ha Noi;

2) Seminar Téi wu va diéu khién, Viéen Toan hoc, Vién han lam Khoa hoc

va Cong nghé Viet Nam.

3) Seminar ciia phong Phuong trinh vi phan, Vién Toan hoc, Vién han lam

Khoa hoc va Cong nghé Viét Nam.

4) Seminar Phuong phap gidi phuong trinh vi phéan, Vién Cong nghé thong

tin, Vién han lam Khoa hoc va Cong nghé Viét Nam.
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Chuong 1

KIEN THUC CHUAN BI

Trong chuong nay, ching toi trinh bay céc kién thitc co s vé tap md, sd
md va cac phép toan giai tich trén tap cac s6 md cuing nhitng vi du minh hoa
cu thé. Céc kién thiic nay duge trich tit hai cuén sach chuyen khéo ciia Bede
[12], Lakshmikantham va Mohapatra [37].

Nhu da gi6i thieéu trong phan M3 dau, khong gian cac s6 mo E khong 1a
khong gian tuyén tinh. Céac tinh chat thuong dude st dung khi lam viéc véi
giai tich mo tap trung khai thac vé tinh day du cia khong gian metric (E, dyo)
ciing v6i mot s6 tinh chat bat bién theo phép cong va tinh tién clia metric
dss. Mot trong nhitng phuong phap khac phuc khé khan vé tinh khong tuyén
tinh ctia khong gian (E,®,.) 1a tim cach dinh nghia hiéu cta hai s6 md mot
cach thich hgp, trong do6 tiéu biéu cé thé ké dén la hieu Hukuhara va hiéu
Hukuhara suy rong (Muc 1.1). Muc 1.2 gi6i thiéu vé cdc phép toan giai tich
clia ham nhan gia tri s6 mg, trong dé dac biet ké dén khai niem dao ham theo
nghia Hukuhara suy rong (Muc 1.2.2). Muc 1.3 trinh bay mot s6 khéi niem vé
gidi tich bac phan s6 cho cAc ham nhan gia tri s6 md. Ngoai ra, mot s6 dinh 1y
diém bat dong bao gdm Nguyén 1y anh xa co Banach, Dinh 1§ Arzela-Ascoli,
Dinh 1y diém bat dong Schauder cho khong gian metric nita tuyén tinh sé dudc

nhic lai trong Muc 1.4.
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1.1. Khéng gian metric cac sé6 mo
1.1.1. Tap mo

Dinh nghia 1.1. [59] Cho tap hgp X khéc rong. Mot tap ms A trén khong
gian X dugc dic trung bsi ham thudoc u : X — [0,1], trong d6 u(x) thé hien

mtc do thuoc ctia x doi véi tap A.

Ta dong nhat tap md A véi ham thuoc u(z) ctia né va ki hieu F(X) la tap
tat ca cac tap md trén khong gian X. Khi d6, méi tap cd dién 1a mot tap mo

v6i ham thudc 1a mot ham diic trung clia tap co dién.

Tap réng 1a tap mo véi ham thudc

.
u(x) = 0, Vo € X. Tap X la tap ma il
08r
v6i ham thuoc u(x) =1, Vo € X. ol
06
05
Vidu 1.1. Hinh 1 mo ta4 mot tap o4r
03r / \\
md duge biéu dién dudi bién ngon .l / \
ngtt "cac s6 thyc gan 0" véi ham " // \\
[V e e I I I I I M——
thuoc u : R — [0, 1] xac dinh bai R
1 2z N
u(z) = 1+ 22 Hinh 1. Tap md mo té cac sé thuc gan 0.

1.1.2. Nguyén ly suy rong Zadeh

Dinh nghia 1.2. [60] Cho hai tap hgp X, Y khac rong va u la tap con md
cia X. M6 rong Zadeh ctia ham f : X — Y la ham F : F(X) — F(Y) sao
cho v = F(u), trong do
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Vi du 1.2. [25] Cho ham f: R — R xac dinh bdi

f(x) =az +b,a,b € R,a #0.

Theo Dinh nghia 1.2, ta c6 thé mé rong ham f thanh ham F : F(R) — F(R)
va v6i moi u € F(R), v = F(u) = au + b, trong dé

sup u(x) néuf!

@7
ot — Lo (y) #

0 néu f~1(y) = 0.

Vi [ (y) =2

nén ta co

v(y) = u(y;b),Vy e R.

Dinh 1i 1.1. [45] Gid st u la mot tap con md cia R va F : F(R) — F(R) la

md rong Zadeh cia ham lién tuc f: R — R. Khi do, vdi moi o € [0,1], ta ¢é

Vi du 1.3. [11] Cho tap mo u : R — [0, 1] x&c dinh béi

Alx —2?) néuzel0,1
(@) ( ) € [0,1]

0 néu z ¢ [0, 1].
Dé thay

)" = [0~ VI=a), 51+ VI~ a)| Yae 0,1]
Xét ham f(z) = 22 v6i x > 0. Vi f téng nén ta c6

Fl) = [£(50 - VI=a), F (G0 + VI~ )]
_ Ea_m)z imm)z].

Do d6, theo Dinh Iy 1.1, ham F : F([0,00)) — F(]0,00)), m& rong Zadeh cta
ham f, c¢6 tap mic « la

P = [0 - vI—aP, 01+ vI—ay]
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1.1.3. Khéng gian metric cic s6 md

Dinh nghia 1.3. [22] Cho mdt tap con md cia duong thang thyec u : R —

0,1]. Khi d6, v duge goi 1a mot s6 md néu né théoa man cac tinh chat sau:
i) u chuan téc, tic la ton tai zo € R sao cho u(xg) = 1;
ii) w 16i mo, theo nghia véi z,y e R va 0 < X < 1:

u(Az + (1 = A)y) = min{u(z), u(y)};

iii) u nita lién tyc trén trén R (u nita lien tuc trén tai zo néu véi moi e > 0, ton

tai 0 > 0 sao cho v6i moi x théa man |z — x| < J thi u(x) —u(zg) < €).;

iv) [u]® ={z € R:u(z) > 0} la tap compact trong R.

Ki hi¢u F 1a khong gian cac s6 mo va [u]® 1a tap mic clia s6 md u, trong

do6 [u]* dugce xéc dinh béi

[]a_ {IGR:U(ZU)ZOK},OJG(O,I]

{z €R:u(x) >0}, a=0.

Dinh 1i 1.2. [//] (Dinh ly Stacking) Néu u € E va [u]* la tap mic cia né
thi:
(1) [u]® la mot khodng déng, [u]® = [u,,,ul], vdi moi a € [0,1];

(i) Néu 0 < a1 < ag <1 th [u]*? C [u]*.

(11i) Moi day {c,} don diéu tang hoi tu dudi tdi « € (0,1], ta cé
() ] = [u]*.
n=1

(iv) Moi day {a,} don diéu gidm hoi tu trén tdi 0, ta co

cl( @[u]o‘") = [u]°.
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Dinh li 1.3. [44] (Dinh lj dac trung Negoita-Ralescu) Gid s { M, : « € [0,1]}

la ho cdc tap con cia R théa man cdic diéu kién
(i) M, la mot khodng déng khdc rong vdi moi o € [0, 1];
(i) Neu 0 < oy < ag <1 thh My, C My,;

(11i) Moi day {c,} don diéu tang hoi tu dudi téi « € (0,1], ta cé

ﬁ Man — Ma;
n=1

(iv) Moi day {a,} don diéu gidm hoi tu trén tdi 0, ta cé
0
d(LJMQJ::Md
n=1

Khi dé, ton tai duy nhdt u € E sao cho [u]® = M, vdi moi a € [0,1].

Dinh i 1.4. [2/] Gid st u € F va [u]* = [u,,ul], 0 < a < 1. Khi dé, cdc

ham u™,u™ : [0,1] — R théa man cdc tinh chat sau

i) v () = u; la ham khong gidm, bi chan va lién tuc trai theo o € (0, 1]

va lién tuc phai tai 0;

i) ut(a) = ul la ham khong tang, bi chan va lién tuc trdi theo a € (0, 1]

va lén tuc phai tai 0;
i) uy <u.

Nguge lai, néu cac ham v~ ,u™ : [0,1] — R théa man cdic dieu kién i) - iii) tha

+

ton tai s6 mo u € E sao cho tap mic [u]® = [u, ,ul].

Oé’u

Ta ki hieu duong kinh tap mtc clia 6 mo u la len[u]® va ta co

len[u]® = u}f —u.
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Vi du 1.4. S6 m& tam giac. Cho a < b < ¢. Xét s6 mS c6 ham thude xéc

dinh béi

r—a
neu a <z <b
b—a
DTE R b<zx<c
c—>b
0 neu z ¢ [a,c|

Do thi ctia u dude mo ta trong Hinh 2. Tap miic clia u ¢6 dang
[u]* =1[(b—a)a+a,(b—c)a+c, aecl0,1].

Ta goi s6 md nhu vay 1a s6 md tam giac va viét gon duéi dang u = (a, b, ¢).

u(z) A u(z) y
1 1
0 a b c >$ a b c d >J)
0]
Hinh 2. S6 mo tam giac. Hinh 3. S6 md hinh thang.

Vi du 1.5. S6 m& hinh thang. Cho a < b < ¢ < d. Xét s6 m& c6 ham thudc

u xac dinh bdi

(T —a 2

neu a<zx<b

b—a
1 néu b<zxr<c

u(@) = 4 d—x
néu c<x<d

d—c
0 néu z ¢ [a,d).

\

Do thi clia u duge mo ta trong Hinh 3. Tap mitc clia u ¢6 dang

[u]* =[(b—a)a+a,(c—d)a+d, acl0,1l].
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Ta goi 6 md nhu vay 14 s6 md hinh thang va viét gon dudi dang u = (a, b, ¢, d).

Gia st w, v 1a hai s6 md v6i cac tap mic [u]® = [u,,ul], [v]* = [v;,vl].
Stt dung Dinh 1y 1.4, ta dinh nghia tdng ctia hai s6 md va tich vo hudéng ciia
phan ti k € R v6i s6 md thong qua tap miic. Tong v va v, duge ki hieu u @ v,

134 mot s6 md v6i tap mite duge xac dinh béi:
[u®v]® = [ug +vg,ul +vf]

Véi k € R, tich ctia k v6i u, duge ki hieu béi ku, 13 mot sé6 md véi tap miic
duge xac dinh béi

[ku, , kut], k>0,
[ku]* =

[kul kul], k <O.

Hiéu Hukuhara ctia u, v duge dinh nghia nhu sau:

Dinh nghia 1.4. [28] Cho u,v € E. Néu ton tai w € E sao cho u = v & w thi

w dugce goi la hieu Hukuhara cia u va v, ky hiéu la u &g v.

Dé thay rang u Oy v # u @ (—1)v. Hon nita, néu u Oy v ton tai thi né la

u, — U,

lu, — v, ut —ult] v6i moi 0 < o < 1.

o

duy nhat va [u ©g v]* =
Ménh dé 1.1. [56] Su ton tai hieu Hukuhara uSg v duge ddm bdo khi va chi
khi cic diéu kién sau théa man:

(1) lenf[u]® > len[v]* vdi moi 0 < a < 1,

(19) ug,

o — U, don diéu tang theo «,

+

(i41) uf — vl don diéu gidm theo .

Mot s6 tinh chat sau dang véi cac phép toan trén E. Két qua dugc trich
tit B6 dé 2.3 trong bai bao s6 2 trong Danh muc cong trinh khoa hoc clia téc

gia lien quan dén luan Aan.

Meénh dé 1.2. Vdi moi u,v,w € E ta co:
1) (-D(wev) = (-us (1.
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2) Néuuogv ton tai th (=1)uoy (—1)v ton tai va (—1)(uSgv) = (=1)uSy
(—=1)v.

3) Néuuoy(vhw) ton tai thh u© gvOgw ton tai va uO g (VW) = USFVOFW.
4) Néeuuogv vavogw ton tai thi uoy (VO w) ton tgi va udy (VOgw) =

(v v)®w.

Chatng minh. D@ thay cac tinh chat 1) va 2) dang. Ta chitng minh tinh chat 3).
ViuSy (v®w) ton tai nén gid st ucy (vdw) =e € E. Khi d6, u = eGvPw.
Theo dinh nghia hiéu Hukuhara ta c6 u©gv=e® w hay u Sy v Sy w =e.
Do d6, uoy (v w) =uSygvoy w.

4) Gid st u©gv va vOyw ton tai, khi d6 ton taie,g € F sao chouSgv = e
vavogw=g¢g. Tudéotasuyyrau=vde, v=wdyg.

Dodbu=wdgdehayucSyg=edw. O

Nhan xét 1.1. Hieu Hukuhara c6 tinh chit u © g u = 0. Tuy nhien, hieu nay
khong ton tai trong truong hop dudng kinh ctia s6 md u nhé hon dudng kinh
s6 mS v. Do d6, mot khai niém md rong hon khai niém hiéu Hukuhara duge

dua ra trong [56] dé khic phuc han ché tren.

Dinh nghia 1.5. [56] Cho u,v € E, hieu Hukuhara suy rong cta u va v, ki

hiéu béi u O4p v, duge xac dinh bdi phan tit w € E sao cho

(i) u=vdw

UOgH V=W <
(i) v=ud® (—1)w.

Chu ¥ rang u Ogpy u = 0, va néu w O v ton tai thi UGy v =uSpgv. Néu
(i) va (ii) trong Dinh nghia 1.5 dong thoi thda man thi w 13 mot s6 thiic thong
thuong. D& thiy ring u O,z v = 0 va hieu Hukuhara suy rong ton tai trong
nhiéu truong hgp hon hieu Hukuhara, nhung né khong luon luon ton tai trong

E. Vi du sau trinh bay mot truong hop trong d6 hiéu v ©4g v khong ton tai.

Vi du 1.6. Cho s6 md hinh thang v = (1,2,3,5) va s6 md tam gidc v =
(0,3,9). Khi d6, hieu Hukuhara suy rong u O,z v khong ton tai.
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That vay, néu ta gia st ngugc lai ton tai hieu uO©,p v thi uy, —v, < ul—v}
hodic 1a uy, — v, > ul — vl v6i moi « € [0,1]. Trong khi d6, véi a = 0, ta ¢6
l=uy —vy >u8’—1)8L:—4
va véi o = 1 thi —1 = u; —v; < uf — v = 0. Diéu nay mau thuin. Do do,

hiéu u © 4y v khong ton tai.

Trén F, ta xay dung metric dy, xac dinh bdi

doo(u,v) = sup dp ([u]”, [v]")

= sup max{lug — v, ug —val}.
0<a<l

trong d6 dg 1a khoang cach Hausdorff gitta hai tap mtc ctia hai s6 md u, v,

[u]® = [u;,ul], [v]* = [v,,v}]. Tinh day du ctia khong gian metric (E, dy)

o) Yo

da dugc ching minh chi tiét trong cudn sach chuyen khao [22].
Meénh dé 1.3. [22, 31] Metric do, théa man mot so tinh chdt sau
i) doo(ku, kv) = |k|doo (u,v), vdi moi k € Ryu,v € E;
i1) doo(u1 ® ug,v1 B v2) < doo(u1,v1) + doo (uz, v2), Vi Uy, us,v1,v9 € F;
i11) doo(u ® w,v B w) = doo(u,v) vdi Mot u,v,w € E;
i) doo (U Oy v, WO €) < doo(u,w) + doo (v, €) VI MoOi U, v, W, € € E.
Hon nita, khong gian metric (E,ds) la khong gian metric day di.
1.2. So ludc vé giai tich md
1.2.1. Ham nhan gia tri s6 mo

Dinh nghia 1.6. Anh xa f : U C R? — E bién mdi phan ti (x,y) € U thanh
phan tit f(x,y) € E dugc goi la ham hai bién nhan gia tri s6 mo (sau day

ching t6i sé goi don gidn 1a ham mg).
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Vi du 1.7. Cho s6 mo tam giac Ty = (0, 1,2) ¢6 ham thuoc

(

t néu<t<l1

To(t) =92 -t néul<t<?2

0 néuté¢l0,2].

Xét hém mfj
¢ 72 Y
('I.ay) ; ](I,y) ySin (QZ 6)10

Khi d6, s6 mo f(z,y) € E xac dinh bdi ham thuoc
( t
sin ( + F)
in(z+ =
Y 7T6
2y sin (.CI? + E) —1
n =+ 5)
sin (z + —
Y 6

0 néu t ¢ [O,2ysin (x+%)},

néu Ogtgysin(:c—i—%)

Sz, y)(t)

o\

. , us : T
neu ysin (a:+ 6> <t < 2ysin (x+ 6)

v6i moi (z,y) € [0, g} x [1, 5].

1.2.2. Céc tinh chat giai tich cia ham nhan gia tri s6 mo

a) Tinh lién tuc

Dinh nghia 1.7. Cho U C R%. Ham f : U — E dudc goi la lién tuc tai
(70,%0) € U néu véi € > 0 bat ky, ton tai § > 0 sao cho v6i mdi (z,y) € U

thdéa man |x — zo| + |y — yo| < I, ta ¢

d00<f(x7y)a f(fﬁo,yo)) < €.

Ham f dudc goi la lien tuc trén U néu né lien tuc tai moi diém thuoc U.

Tu dinh nghia metric dy, dé thay rang anh xa f : U — E, v6i [f(z,y)]* =
[f5 (z,y), fi (z,y)], lien tuc tai (xg,yo) khi va chi khi cdc ham f, fF : U — R

ciing lién tuc tai (zg, yo) v6i moi o € [0, 1].
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Vi du 1.8. Xét ham mo f xac dinh trong Vi du 1.7. Khi d6
[f(x,y)]* = [ysin <:1: - %)a, —y sin (az — %)a + 2y sin (a: + %)]
Ta ¢6 f la mot ham lien tuc tren [0, g] % [1,5] vi véi moi a € [0, 1], céc ham
fo(x,y) = ysin (a: + %)a,f:{(x,y) = —ysin (:1: - %)a + 2y sin (33 + %) lién
T

tuc trén |0, — 1,5].
uc ren[,2]><[, ]

Ki hieu C(U, E) 1a tap cdc ham gia tri md lién tuc di tit U vao E. Khi

U = [a,b] X [¢,d], tréen C(U, E), ta xay dung metric H xac dinh béi

H(u,v): sup doo(u(x,y),v(ﬂf,y))-
(x,y)€U

Theo [46], (C(U, E), H) la khong gian metric day.
Dinh nghia 1.8. Ham f : UxE — E dudc goi 12 lién tuc tai diém (zo, Y0, ) €

U x E néu véi ¢ > 0 bat ky, ton tai & > 0 sao cho v6i mdi (z,y,u) € U x E

théa man |x — zo| + |y — yo| + doo (u, ) < 6, ta cod

doo(f(a:,y,u), f(x():y()a SO)) <e&.

Ham f dudc goi la lién tuc trén U x E néu f 13 lién tuc tai moi diém (zo, Y0, %) €

UxE.

Ki hi¢u E. khong gian tat ci cac s6 md u € F sao cho ham « — [u]* liéen
tuc theo metric Hausdorff trén [0, 1].
Dinh nghia 1.9. [51]
1) Tap con A C E. dugc goi 1a c6 gia compact néu ton tai mot tap compact
K C R sao cho [u]’ C K v6i moi u € A.
2) Tap con A C E. dugc goi 1a dong lien tuc mic tai ag € [0, 1] néu v6i moi
e > 0 ton tai § > 0 sao cho |a— ap| < d thi dg ([u]*, [u]*) < €, v6i moi u € A.

Tap con A dugc goi 1a dong lién tuc miic trén [0, 1] néu A 1a dong lién tuc miic

tai moi diém « € [0, 1].
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3) Mot ham lién tuc f: U C R? x E, — E, dugc goi la compact néu véi I C U
va tap A C E. bi chan thi f(I x A) 14 compact tuong doi trong F..
Dinh li 1.5. [51] Gid st A la tap con c¢é gia compact trong E.. Khi dé, cdc
khang dinh sau la twong duong:
(a) A la tap con compact tuong doi ciia (E., ds).
(b) A la dong lién tuc mac trén [0, 1].
Nhan xét 1.2. [32] Néu A compact tuong ddi trong (E.,ds) thi A la c6 gia
compact va dong lien tuc mic trén [0, 1]. Nguge lai, néu A c6 gia compact
trong E. va dong lien tuc mic trén [0,1] thi A 1a compact tuong do6i trong
(E.,dso).
b) Tinh kha tich
Ki hi¢u K¢ 1a tap tat ca cac tap con 16i, compact khac réng ctia R va S(F) la
tap tat cd cac ham chon kha tich Lebesgue ctia ham gia tri tap F : [a, b] — K¢,
tuc 1a
S(F)={f:[a,b] = R: f kha tich Lebesgue va f(t) € F(t), Vt € [a,b]}.
Dinh nghia 1.10. [20] Ham f : [a,b] — E dugc goi la do duge manh néu vdi
moi « € [0, 1] anh xa gia tri tap f, : [a,b] = K¢ xac dinh béi f,(x) = [f(z)]¢
la do dugc Lebesgue.
Ham f : [a,b] — F dugdc goi 1a bi chin kha tich néu ton tai mot ham kha
tich h : [a,b] — [0,00) sao cho dso (f(2),0) < h(z), Yz € [a,b].
Mot ham ma bi chan kha tich va do duge manh duge goi la kha tich. Tich

b
phan cta f trén [a, b, ki hiéu la / f (z) dx, xac dinh bdéi tap miic

[ / b flaydz]” = / @) de

— {/abg(x)da: 1 g € S([f(l")]a)}

v6i moi a € [0, 1].
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Ki hieu L ([a, b], E) 1a tap tat ci cac ham ma kha tich trén [a, b].
Vi du 1.9. [20] Xét ham md
fi001] = E
x — f(x)
trong d6 f(x) € E v6i ham thudc

(

1 néut=0

f@)t) =<9z nbuoO<t<l1

|0 truong hop khac.
Khi do6, f c6 tap mic [f(0)]* = {0} va

0 néu 0 <z <a
s =4 s

[0,1] néu a<z<1

v6i moi « € [0, 1]. Do do, ta co

{/01 f(“")d”f]a = /Ol[f(x)]“dx =10,1-al.

Ménh dé 1.4. [30] Néu ham f : [a,b] — E lién tuc thi né khd tich. Hon nia

[ s]" = /f /f+

vdi moi a € [0,1], trong dé [f(x)]* = [f5 (x), [ (z

Dinh 1i 1.6. [20] Gid st X € R va f,g € L*([a,b], E). Khi dé, ta cé

z)/ z) ® g(x dm—/f da:@/b()da:
i1) /a )\f(x)dac:A/a f(x)dx
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i11) doo(f(x),g(x)) khd tich va

i [ ' fa)da, / o)z < / 4 (0). g0
¢) Tinh kha vi

Dinh nghia 1.11. [57] Gid st g € (a,b). Ta n6i ham f : (a,b) = E la kha
vi Hukuhara suy rong (hay gH-kha vi) tai zp néu ton tai u € E sao cho véi

moi h théa man zo + h € (a,b), hieu f(xo+ h) Ogn f(xo) ton tai va

lim = ({0 + 1) Oy £ (o)) = u.

Khi d6, u duge goi 1a dao ham Hukuhara suy rong ciia f tai zg, ki hiéu f S’] 1 (x0).

Dinh nghia 1.12. [7] Cho ham f : U — E. Ta ndi rang f 1a kha vi Hukuhara
suy rong (hay gH-kha vi) theo x tai (z9,y0) € U néu ton tai phan tt v € F
sao cho v6i moi h théa man (xo + h,yo) € U, hieu f(zo + h,y0) Ogm f(x0,Y0)
ton tai va

i, = (f (0 + B o) Oyt f (20,00)) = v

h—0
Khi d6, v dugc goi 1a dao ham riéng Hukuhara suy rong ctia f theo x tai
(20, Y0), ki hiéu Iz (0, y0). Dao ham riéng Hukuhara suy rong cia f theo y
x

va cic dao ham riéng bac cao hon ciia f tai diém (x¢,yo) € U duge dinh nghia

tuong tu.

Dinh nghia 1.13. [7] Gid st f : U — E la gH-kha vi theo x tai (zo,y0) € U
va [f(z,y)]* = [f5 (2, 9), f (2, y)] v6i moi o € [0,1], (x,y) € U. Ta néi rang

e f1a gH-kha vi kiéu (i) theo z tai (x¢,y0) € U néu

N - +
[% (5607y0)} = [%(%,yo), %(wo;yo)} 0<a<l

e f1a gH-kha vi kiéu (ii) theo x tai (z9,%0) € U néu

e% + —
[% (:Coyyo)] _ [aa{‘; (z0,Yo0), %(l’o,yo)], 0<ac<l.
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Ki hiéu

9%u
0xdy

cua u theo z va y.

e Dyu(z,y) = =——(z,y) la dao ham rieng Hukuhara suy rong cap hai

o Cfy_yu(U, E) (hoic CYy_ p

vi kiéu (i) theo z (hoac y) tren U.

(U, E)) tap tat ca cac ham lién tuc u kha

o Cfy_yu(U E) (hodc C’(yQ)

vi kiéu (ii) theo z (hodc y) trén U.

(U, E)) tap tat ca cac ham lién tuc u kha

o« Wi (U,E) = {uy(u, u) € Oy _ (U, E) % C}

Vo yu(UE), k= 1,2}.

o Wo(U,E) = {u|(u us) € CFy_ (U E) x Cly (U, E)}
g {u|(u,ux) € Chy_yn(UE) x C¥y_ (U, E)} .
Nhan xét 1.3. Néu u € Wy (U, E) thi

{Dmyu(x,y)]a {gjﬁ;( V), g:g (e.)| vi0<a <1

Néu u € Wy(U, E) thi

[Dwyu(a:,y)]a [g:g;( Y), (29263_ (, y)} voi 0 <a < 1.

Vi du 1.10. Xét ham f(z,y) = ze ¥(1,2,3) véi (z,y) € [0,1] x [-2,0]. Khi

do, ta co

e f gH-kha vi kiéu (i) theo x va

L (w,) = e7v01,2,3).

o f gH-kha vi kiéu (ii) theo y v&

of

_- — —Y(_3 9 _
ay(xvy) re ( 37 27 1)
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Meénh dé 1.5. [14] Gid st f : [a,b] — E la ham lién tuc. Khi dé
t

(i) Ham mo F(t) = v @ [ f(s)ds la gH-khd vi kiéu (i) va Flyt) = f(t),

trong do v € E.
t

(ii) Ham mo G(t) = v 6u [ f(s)ds la gH-khd vi kiéu (i) va Gou(t) =

a

¢
(=1)f(t), trong dé v € E sao cho ton tai hieu v O [ f(s)ds.

Ménh dé 1.6. Cho ham f : [a,b] — E. Khi dé, ta cé cic khding dinh sau.
i) Néu f la gH-khd vi kiéu (i) trén [a,b] va for(-) la khd tich trén [a,b] thy

b
/ f1u(dt = () u fa)

i) Néu f la gH-khd vi kiéu (i) trén [a,b] va for(.) la khd tich trén [a,b]
thi ,
| fyndt = (D1@ e (~DFO).

Chitng minh. i) Néu f 1a gH-kha vi kiéu (i) thi | (O =[(f2) @), (f3) ()]

v6i moi t € [a, b]. Diéu nay suy ra

[/ab f;H(t)dt]a = [/ab(foj)'(t)dt,/ab(f;)’(t)dt]
= [120) = £z (@), £50) - ()]

= [f(b) en f(a)]", Va € [0,1].

ii) Néu f la gH-kha vi kiéu (i) thi [f},(6)]* = [(fF)'(t), (f7) ()] v6i moi

t € [a,b]. Tuong tu, ta c6

[/ab f;H(t)dt]a = [/ab(f;[)’(t)dt, /ab(f;)’(t)dt]
= [£2®) = £ (@), £ (0) = 12 (@)

=[(=1f(a) ou (=1)f ()]

v6i moi a € [0,1]. Ménh dé dugc chiing minh. O
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1.3. So lugc ve giai tich bac phan sé6 md

Dinh nghia 1.14. [34] Gid st ¢ > 0 va u € L'([0, a], R). Tich phan Riemann
- Liouville bac ¢ > 0 ctia u duge xac dinh bdéi

RLT9 4 :L t — 8)7 tyu(s)ds
outt) = o [ =9 uls)d

trong d6 I'(.) 1a ham Gamma xéc dinh béi

+oo
[Na) = / e dx.
0

Dinh nghia 1.15. [9] Gia st u € L'([0,al, E) va [u(t)]* = [u (t),u (t)] v6i
moi « € [0, 1]. Tich phan Riemann - Liouville bac ¢ > 0 cia ham md u duge
ki hiéu hinh thic dudi dang

RLTYI 4 :L t — )9 u(s)ds
BTt = 775 [ (=9 u(s)a

va dugc xac dinh béi tap miic
[T u()] = [P I ug (1), T Ig ul (1)

v6i moi a € [0,1] va t € [0, al.

Vidu 1.11. [9] Cho u: [0,a] = E, u(t) = Ct?, trong d6 C € E véi tap miic
[C]* = [C,,CF]. Khi d6, v6i moi g > 0, ta ¢6

BATd u(t)" = (P10 Ot Ph I, O )

= ﬁ [/0 (t — s)q_lC;s2ds,/0 (t —5)71CFs2ds
= ﬁ[tq“B(q, 3)C5 .t B(q,3)C]

_ F(S) q+2 o

"ty

trong do B(.,.) 1a ham Beta xac dinh béi

1
B(a,b) = / 21— z)" " Ydx, a,b > 0.
0
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I'(3)
['(q+3)

Dinh nghia 1.16. [9] Gi4 st ¢ € (0,1) va u € L'([0,qa], ). Dao ham gH-

Diéu nay c6 nghia FLT7, u(t) = tu(t).

Riemann-Liouville bac ¢ ciia ham ma& v duge xac dinh béi:

d _
BEDM(t) = %b@LI(; Yu(t), t € [0,a]

v6i didu kien céc biéu thitc ¢ vé phai duge xac dinh.
Dinh nghia 1.17. [6] Gid stt ¢ € (0,1) va u € L'([0,a], E). Dao ham gH-

Caputo bac ¢ cia ham mdé v duge xac dinh bdi:

CyDlu(t) = FET 70l 4 (1), t € [0, 4]

v6i didu kién céc biéu thite & vé phai duge xac dinh.

Vi du 1.12. [6, 9] Xét ham mo6 u : [0,a] — E, u(t) = C trong d6 C' € E véi
tap muc [C]* = [C,CF]. Khi do, vé6i ¢ € (0,1), ta c6

1 d [* d [*
BEDIu(1)]* = =g [% /0 (t=5)""Crds, — /0 (t — 5)"9CTds
=fa%;yﬂmzxﬁl
— ﬁt_q[C]a.
Diéu nay c6 nghia [ DIC = ﬁt—qa

Mit khéc, dé thay rang u () = 0. Do d6, ta c6 Sy DIC = 0.
1.4. Mot sbé dinh 1y diém bat dong

DPinh nghia 1.18. (Anh za co) Gi sit (X, d) la khong gian metric. Anh xa

f: X — X dudc goi 1a anh xa co néu ton tai 0 < k < 1 sao cho

d(f(x), f(y)) < kd(z,y), Va,y € X.
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Dinh 1i 1.7. (Nguyén ly dnh xza co Banach). Gid si (X, d) la khong gian
metric day. Khi dé, anh za co f: X — X c6 duy nhat diém bat dong, tic la,

ton tai duy nhait x € X sao cho f(x) = z.

Dinh li 1.8. [51] (Dinh ly Arzela-Ascoli) Gid st X,Y la cic khong gian
metric va F C C(X,Y), X compact. Khi dé, F la compact tuong doi khi va
chi khi:

i) F dong lién tuc;
i) Vi moia € X, tap F(a) = {f(a): f € F} compact tuong déi trong Y.

Dinh Ii 1.9. /3, 32] (Dinh lj diém bat dong Schauder cho khong gian
metric nita tuyén tinh). Cho B la tdp con loi, déng, bi chan, khdc rong clia
khong gian metric nita tuyén tinh C(U,E.) va P : B — B la todn ti compact.

Khi do, P c6 it nhat mot diém bat dong trong B.
Két luan Chuong 1

Chuong 1 cung cap cac kién thiic co s§ can thiét cho noi dung chinh ciia
luan 4n & nhitng chuong tiép theo. Nhitng kién thitc vé tap md, s6 md trong
chuong nay chii yéu duge hinh thanh tit nhitng phép toan trén tap mic . Cac
khai niém vé tinh lién tuc, kha vi v kha tich ctia ham md duge dua trén ly
thuyét vé ham gia tri tap. Mot s6 két qua khac ctia Iy thuyét s6 mo va gidi

tich bac phan s6 cho cdc ham md c6 trong cac bai béo [6, 9, 25, 37, 59].



35

Chuong 2

BAI TOAN BIEN POI VOI PHUGNG TRINH HYPERBOLIC
MG CO TRE

Phuong trinh vi phan c6 tré déng vai tro quan trong trong mot s6 mo hinh
sinh hoc va vat 1y ki thuat [26, 36]. Trong nhiing nam gan day, phuong trinh
vi phan mo ¢6 tré duge nhiéu nha toan hoc quan tam nghién cttu [31, 39, 40].
Tuy nhién, cac két quad cho phuong trinh dao ham riéng md c6 tré van l1a bai
toan bd ngd, chua duge nghién ctu dén.

Trong chuong nay, tuong tng véi hai truong hgp ctia dao ham Hukuhara
suy rong, ching to6i dinh nghia hai kiéu nghiém tich phan ctia bai toan bién déi
v6i phuong trinh hyperbolic mé c6 tré. Kiéu nghiem thit nhat dng véi khai niem
dao ham Hukuhara thong thuong véi ban kinh tap miec ting. Kiéu nghiem thi
hai ing v6i truong hgp ban kinh tap mitc gidm ctia dao ham Hukuhara suy
rong. Két qua nay 14 mdéi va ¢6 ¥ nghia trong viéc nghién citu cac tinh chat
dinh tinh ctia nghiém khi bién ty do tién ra vo han.

Bing cach ap dung dinh 1y diem bat dong trong nhitng khong gian metric
day thich hgp, ching t6i ching minh duge sy ton tai duy nhat nghiém ctia
bai toan trén mién bi chin (Dinh ly 2.1 v& 2.2) va trén mién vo han (Dinh ly
2.3 va 2.4). Mot s6 vi du minh hoa duge ching toi trinh bay trong phan cudi
chuong.

Noi dung ctia chuong dugce trinh bay dya trén bai bao s6 1 va sd 2 trong

Danh muc cong trinh khoa hoc ctia tac gia lien quan dén luan an.
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2.1. Bai toan bién dbéi véi phuong trinh hyperbolic mé& cé tré trén
mién bi chan
2.1.1. Dat bai toan

Xét phuong trinh hyperbolic mao ¢6 tré
Dyyu(z,y) = f(2,Y, Uy))s Jav = [0,a] x [0,0] (2.1)
cliing véi diéu kien bieén dia phuong:
u(z,0) = m(z),z € [0,a], u(0,y) =n2(y),y € [0,0] (2.2)
va dieu kién ban dau
u(@,y) = e(x,y), (z,y) € Jt* = J"\ (0,a] x (0,] (2.3)

trong d6 r > 0,J% = [—r,a] x [-r,b],J0 = [-7,0] x [-r,0], f : Ju X
C(JY,E) = E, p € C(J® E), m € C([0,a],E),n € C([0,b], E) la cic ham
cho trude sao cho m (O) = 772(0) = 90(07 O) = U(O, 0)7 72 (y) OH U(O, 0)7 m (CE) OHn

u(0,0) € E v6i moi (z,y) € Jap, vd ham tré u(, ) : J) — E dugc xac dinh béi
Uz (5,1) = u(z + s,y + t) v6i moi (s, t) € Jp.

Trén khong gian C(J?, E) gom cac ham lién tuc ¢ : J? — E, ta xay dung

metric d2, duge xac dinh béi

d%(g@,Qb) = Sup doo(gp(wa(g%qb(wae))
(w,0)eJ?

véi p, ¢ € C(JD, E).

Nhan xét 2.1. Néu hieu Hukuhara n;(z) ©g u(0,0) va n2(y) ©g ©(0,0) ton
tai v6i moi x € [0,a],y € [0, 0] thi tit Ménh dé 1.2 ta c6 thé thay ring

772(?/) D [771(5’7) OH U(O, 0)] = (‘r) S [772(9) OH ’LL(O, O)]a \V/(CL’, y) S Jab-
Do d6, dé thuan tién ta ki hieu

U(z,y) =m(@) @ [n2(y) ©m w(0,0)], (z,y) € Jap. (2.4)
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2.1.2. Nghiém tich phan

Bé dé 2.1. Néu f: Ju x C(J°,E) = E vau: J® — E la cic ham lién tuc

thy ham (z,y) = f(2, Y, U(zy)) 1T Jap dén E cing lien tuc.

Chitng minh. Cb dinh (xg,yo,¢) € Jaup x C(J2, E). Vi f la lien tuc trén
Jap x C(J?,E) nén véi € > 0 ton tai §; > 0 sao cho v6i mdi (z,y,1)) €

Jap X C(J?, E) thoa man |z — zo| + |y — yo| + d% (¥, @) < &1 thi ta c6

doo (f(x,,), f(x0,90,9)) <&

Vi u 13 lién tuc trén J%° nén v lién tuc déu trén mién chit nhat
I = [max{—r,zo —r — 61}, 0 + 01] x [max{—r,yo —r — 61}, yo + 01].

Tiic 13, ton tai dy sao cho néu (z',y'), (z2,42) € I théa man |z' — 22| + |y* —
y2| < 09 thi

01

doo(u(zh, yt), u(z?,9y?)) < R

Y
Dat § = min{zl, 52} Do do, v6i moi (x,y) € Jup théa man

1)
max{|r — xol, |y — yo|} < < Zl (2.5)

ta c6 (zo+ 0,y0+0) €I va (x+0,y+0) eI véi moi (0,0) € JO.
Mat khac, vi

(@ +0) — (xo+0)|+ |(y+0") — (yo+0")| = |z — zo| + |y — yo| <20 <2

nén ta co
01
de(U(a ), Uao.w0)) = SUD  doo(U(ay) (6:0), Uag ) (0,67) < - (2:6)
(0,0")€JO
Tu (2.5) va (2.6) ta suy ra rang

301

[ = 2ol + [y = yol + d& (U(a,)> Uwo0)) < 7 01

Vi flalien tuc nén doo (f (2, Y, U(z,y))» f(Z0, Y0, U(zg,y0))) < € Vado do, (z,y) —
f(z,y,u(z,)) 18 lien tuc. Ménh de duge ching minh. O
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Ménh dé 2.1. Gid st f € C(Jgp x C(J°, E),E) va u(.,.) € Wi (J®, E) U
W (J%, E) la ham mo théa man (2.1)- (2.2). Khi dé, u(.,.) théa mdan mot

trong cac phuong trinh tich phdan sau

r oy
u(eo) =)@ [ [ fstug)dras (2.7
0 0

hoac
u(z, ) = $(z,9) O ( / / £ (5, ey )dtds (2.8)

vat moi (x,y) € Jap-

Chitng minh. Gia st u(.,.) € Wi (J2, E) UW,(J%, F) 1a ham md thoéa man

(2.1)- (2.2). T Bo dé 2.1, ta ¢6 f(x,y,u(zy)) lien tuc trén Ju. Do do,

f (2,9, U(z,y)) kha tich trén Jup.

Trudng hop 1. u € Wi (J%, E).

) . 0 \
(a) Néu u 1a gH-kha vi kidu (i) theo z va 8—“ 1a gH-kha vi kidu (i) theo y thi
i
theo Ménh dé 1.6 ta c6

/Ow [/0 gt(gz(:)dt}ds - /Om [ZZ(S y) On g“(s 0)]ds.

Do do

/0 [FZ(&?J)@H %(s,o)}ds:/o /O f (st ugs) dids.

biéu nay suy ra

T ou ¥ o0u R
i a(s,y)dS—/O %(S,O)ds@/o /0 f(s,t,u(syt))dtds.

Hon nita, vi u 14 gH-kha vi kiéu (i) theo x, nén ta c6

T ry
u(ey) O u(0,) = u(w,0) 0 w000 @ [ [ (st ) deds
0 JO

hay

u(z,y) = u(0,y) & [u(x,0) g u(0,0)] & /095 /Oy f (s,t, U(s,t)) dtds.



39
Két hop véi dieu kien (2.2) ta dugc

Ty
’LL(LE,y) = 10(35,3/) @/ / f (Satau(s,t)) dtds v6i (‘Tay) € Jab-
0 0

ou
(b) Néu u 1a kha vi kiéu (ii) theo z v& I 14 kha vi kiéu (ii) theo y thi theo
T
Meénh dé 1.6 ta c6

/Om [(—1)%(3, 0) Sn (—1)%(5, y)]ds = /Ox /Oy £ (s,t,uge)) dtds

hay
v ou v ou S
/0 (—1)%(8,0)615 :/O (—1)%(s,y)ds@/0 /0 f (st us,t)) dids.
Mit khéc, vi u 1a gH-kha vi kiéu (ii) theo x nén ta c6
x oy
’LL(O, 0) OH U([E, 0) = U(O, y) ©H U(ZIJ, y) D / / f (87 t u(s,t)) dtds
o Jo
x oy
u(0,0) = u(x,0) ® [u(0,y) O u(z,y)] & / / f (s,t, u(s,t)) dtds
o Jo
z oy
u(0,) = u(w,9) © u(0,0) 0 [u(e,0) @ [ [ f (st uge) deds].
o Jo
Do do
u(z,y) =n2(y) © [ (0,0) &g 771 / / S,t,U(S ) dtds)]

Béi gid thiét n2(y) ©g u(0,0) va n1(x) &5 u(0,0) ton tai, tit Ménh dé 1.2 ta

suy ra

T ry
U(.’L‘,y) = ¢($,y) EB/0 /0 f <37t7 u(s,t)) dtdS, (337y> € Jab-

Trudng hgp 2. u € Wy(J% E).
\ . 0
Dau tién, ta xét truong hop u la gH-kha vi kieu (ii) theo x va 8_u 14 gH-kha
x
vi kiéu (i) theo y. Tuong tu nhu trong Trudng hgp 1, ta c6

u(0,y) &g u(z,y) = u(0,0) &g u(z,0) ® / / f (st us,t)) dtds
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<u(0,y) = u(z,y) ®u(0,0) S u(z,0) & // (s,t,u(s,)) dtds

su(z,y) =n2(y) O |u(0,0) g m(z / / 5, t,U(s 1) dtds]

Hon nita, vi cac hieu n2(y) ©g u(0,0) va n1(x) ©g u(0,0) ton tai nén ta co
u<$7y> = ¢($ y 9H / / 5,1 s U(s, t) dtdS

, 0
Lap luan tuong ty, trong trudng hop u 1a gH-kha vi kieu (i) theo = va 8_u 1a
x

gH-kha vi kiéu (ii) theo y, ta ciing nhan dugc két qua tuong tu. O

T Ménh dé 2.1, ta ¢6 dinh nghia sau.
Dinh nghia 2.1. Ham u € C(J2, E) dudc goi 1a
1) nghiém tich phan kiéu 1 ctia bai toan (2.1) - (2.3) néu u(x,y) = ¢(z,y)
v6i moi (z,y) € J% va théa man phuong trinh tich phan (2.7) véi moi

(‘Ta y) S Jab~

2) nghiém tich phan kiéu 2 ctia bai toan (2.1) - (2.3) néu u(z,y) = p(z,y)
v6i moi (x,y) € J va théa man phuong trinh tich phan (2.8) véi moi
(J}, y) € Jup.

2.1.3. Tinh giai dudc caa bai toan

Dinh i 2.1. Gid st f € C(Ju x C(J2,E), E) théa man dieu kién Lipschitz
theo bién thit 8, tic la ton tai s6 duong L sao cho

dw(f(xay7¢l)af(xaya¢2)) < Ld%(¢17¢2) (29)
vdi moi ¢1,¢2 € C(JO, E), (x,y) € Jup. Khi dé, bai todn (2.1)-(2.3) c6 duy

nhdt nghiém tich phan kiéu 1 trén Jo°.

Chitng minh. Ki higu Cy(J2, E) khong gian cac ham u € C(J2, E) sao cho

u(z,y) = @(x,y), (x,y) € J, cing véi metric c6 trong Hy xéac dinh béi

Hy(u,v) = sup {doo(u (z,y),v (gj’y))e—A(x"‘y)}

(z,y)eJab
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v6i moi u,v € C(J®, E) va A > 0 duge chon sau d6. Vi (C(J, E), H) 1a
khong gian metric day da nén dé thay réng (Ci(J2°, E), Hy) ciing 1a khong
gian metric day du v6i méi A > 0.

V6i u € C,\(Jﬁb,E), ta dat Ni(u(z,y)) = o(z,y), (z,y) € J;éb va

Ny (u(z,y)) = ¥(x,y) // [ (sit,ues ) dids, (z,y) € Jab.

Khi do, ta c6 Nyu € Cy(J®, E).
Mit khac, vi f théa man diéu kién Lipschitz (2.9) va tit tinh chat i) cia
metric do trong Ménh dé 1.3, ta c6:

o) MaCwle ) < [ [ dec st F ot

S/ / Ld%(u(s,t)av(s,t))dtds
o Jo

v6i moi (z,y) € Jap, u,v € C\(J2, E). Tt dinh nghia metric d2, ta suy ra

oo (N1 (u(z,y)), N y)))

<L// sup  deo(u(s +w,t+0),v(s +w,t+ 0))dtds
0 (w,0)eJ?

< L/ / sup doo(u(w',0"),v(W', 0"))dtds.
0 JOo (w,0)€[s—rs]x[t—rt]
Hon nita, v6i moi (w',0") € [x —r,z] X [y — r,y], ta co
dOO (u(wl7 9/)7 v(wla 9/)) S H)\ (U, U)@A(w/—’—e/) S H)\ (’LL, ’U)GA(QH_y).
Dicu nay suy ra

sup doo(U(w,w/)’,U(w7w/)) < H)\(U, U)(B)\(x—i_y),
(w,w/)e[m—nx]x[y_r’y]

Do do, ta c6 danh gia

doo (N1 (u(z,y)), N1(v(z,9))) < L/Ox /Oy H) (u,v)e* 5t dtds

L X
< h(uv)e AMaty), (2.10)
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Nhan ci hai vé cia bat ding thic tren véi e * 1Y) ta dugce

e (N (e, ), Ni(0(ar,9)) < 13 Ha (o, 0).

Trudng hop (z,y) € J% ta c6 doo (N1 (u(z,y)), N1 (v(z,y))) = 0. Nhu vay, véi

moi u,v € Cy(J%, E) ta c6

L
2 — H)(u,v)

Hx(N1(u), Ni(v)) <
va do d6, véi A > v/L, N; 1a anh xa co. Theo Dinh 1y 1.7, Ny ¢6 diém bat dong
duy nhat. Diém bat dong u ctia N; la nghiem tich phan kiéu 1 ciia bai toan

(2.1)-(2.3). Dinh 1y dugc ching minh. O

Nhan xét 2.2. Sy ton tai duy nhat nghiém tich phan kiéu 1 ctia bai toan
(2.1) - (2.3) dugc dam bao bdi diéu kien Lipschitz (2.9). Tuy nhién, nhu ching
ta da biét, dudng kinh nghiém tich phan kiéu 1 ctia bai toan luén ting. Do do,

viéc nghién cttu su ton tai nghiém tich phan kiéu 2 1a can thiét.

V6i moi (z,y) € Jup, dé don gidn, ta dat
1{lul(e.0) = (o) o (<)) [ [ Hlsitugg s

Xét tap C{ (J2 E) gdm tat ca cdc ham u € Cy(J*, E) sao cho Tf[u](x y) €
E v6i moi (z,y) € Jup. Tinh day du ctia khong gian metric (C’; w(Jab E), H))

duge ching minh chi tiét trong bd dé sau.

Bé6 dé 2.2. Néu f : J,,xC(J?, E) — E la mot ham lién tuc va C{¢(Jab E) #
0 thi (C’/J\cw(Jab E),H)y) la khong gian metric day du.

Ching minh. Gid st {u™}>°_; 1a mot day trong C’f w(J“b FE) hoi tu t6i u. Khi
do6, v6i moi (z,y) € Jap ta cod Tj[u (x,y)] € E. Dat

g(ulz,y)) = (—1) / ) / " F(st,uge)dtds.
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Tu Ménh dé 1.1, ta thay rang v6i mdi (z,y) € Jup c6 dinh, ta c6

(len[w(z, 1)) > len[g(u™ (@, 1)), 0 < a <1

§ (W(x,y)), — (g(u™(x,y))), don dieu tang theo a € [0, 1],

L (Y(2,9)E — (g(u™(2,y)))4 don digu giam theo o € [0,1].

Vi f lien tuc va {u™}®_, € C{w(Jﬂb, FE) hoi tu déu t6i u nén

[ sty atas]”
len / / f(s,t,ufs,y)dtds
[0 0 (1)
T Y o
len[/ / f(s,t,u(svt))dtds}
o Jo

véimoéi a € [0, 1], (z,y) € Jap. Do do, len[g(u™(z,y))]* hoi tu téi len[g(u(x, y))]*.

hoi tu téi

Mat khéc, véi mdi (z,y) € J,p ¢6 dinh, ta c6 len[(z,y)]* > len[g(u™(z,y))]*
v6i moi 0 < o < 1 nén lay gidi han khi n — oo ta dugc len[y(z,y)]* >

lenlg(u(z,y))]® v6i moi 0 < a < 1. Hon nita, v6i 0 < a < v < 1 bat ki, ta c6

W(z,y))a — (9™ (2,9)a < @(z,y)); — (9(u™(2,9))); -

LAy gi6i han khi m — oo va 1ap luan tuong tu trén ta dudc:

W(z,9))e = (9(ulz,y)))o < (W(,9)5 = (g9(ulz, )5

va (9(z,9)) 3 = (g(ulz, ))& > @z, 9)T = (9(ulz, )T, 0<a <y <1 Ap
dung Menh dé 1.1, ta suy ra Tj; [u](z,y) € E v6i moi (x,y) € Jap.

Trudng hop (z,y) € J%, vi v (z,y) = o(z,y) nén u(z,y) = ¢(z,y). Do
do, u € C’{,w(Jﬂb,E). Diéu nay c6 nghia C’{,w(Jﬂb,E) la mot tap con dong
ctia C\(J% E). Vi (Cx\(J%, E), Hy) la mot khong gian metric day dii nén
(C’f\c,w(Jﬂb, E), H)) ciing 1a mot khong gian metric day da. Bo dé dude chiing

minh. O

Dinh 1i 2.2. Gid st f € C(Ju x C(J2, E), E) théa man dieu kién Lipschitz

(2.9). Hon nita, ta gid s rang
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(i) Cf ,(J2b, E) #0 va
(1) néu u € C{w(Jab E) th Tf[ |(z,y) € Cf\cw(J“b E), (z,y) € Jap-
Khi dé, bai todn (2.1)-(2.3) c¢6 duy nhdt nghiém tich phan kiéu 2 trén Jo°.

Chiing manh. Tt gid thiét ta thay rang ton tai u € C’{w(Jab E) sao cho
Tzf[ |(x,y) € C’f\cw(J“b E) v6i moi (z,y) € Jup. Khi do6, ta xay dung anh
xa

Ny : Cf ,(J2* E) = Cf ,(J2*, E)

xac dinh béi Ny(u(z,y)) = ¢(x,y), (z,y) € J® va

No(u(z,y)) = ¥(x,y) O ( / / f(s,t,usp))dtds, (z,y) € Jap.

Tu tinh chat iv) clia metric do, trong Meénh dé 1.3, ta ¢

Ty
dOO<N2u<xay)7 NZU(xay)) < / / doo (f(87t7u(s,t))7f(satav(s,t))) dtds.
o Jo
Lap lai lap luan tuong tu nhu trong chimg minh (2.10) ta duge két qua

L
doo(NQU(Iay)a NZU(:C?y)) < EH)\(u U) )x(w—i-y)‘

Mit khac, néu (z,y) € J," thi duo(Na(u(z, 1)), Na(v(z,y))) = 0. Do d6, véi
moi (x,y) € J2 ta c6 bat dang thitc

e 0 (No(u(z, ), Mooz, ) < +g H(,v).

Diéu nay c6 nghia

L
2 — H)(u,v)

v6i moi u, v € C{w(J‘lb E). Vi vay, Ny 1a mot anh xa co khi A > v/L. Dinh 1y

Hx(Na(u), No(v)) <

dugc chiing minh. O

Nhan xét 2.3. Mot trong nhitng diéu kién dé ton tai nghiém tich phan kiéu
2 1a ton tai u(x,y) € E deé TJ [u](z,y) € E. Trong phan sau chtng toi chi ra

mot 16p cadc ham mo théa man diéu kién nay.
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Ki hieu 7 la tap tat cd cac s6 md tam giac (xem Vi du 1.4 chuong 1). Gia
st u = (uy,ul,ud),v = (vy,vl,vd) € T. Khi d6, Bede v Stefanini [14] da

dua ra diéu kién cho su ton tai hieu Hukuhara v &z v nhu sau.

Ménh dé 2.2. [13] Néuu,v € T valen[v]® < min{u! —uy,uf —u'}, a € [0,1]
thi hiéu Hukuhara uw S v ton tai.

Nhan xét 2.4. D& thay v6i moi v € T, ta c6 len[v]’ = vf —vg < |vg |+ |vg |
VA doo(v,0) = max {|vf ], vy |} Do d6 len[v]® < 2dug(v,0) véi moi v € T.
Ménh dé 2.3. Gid st rang ham f : Jup x C(JO x T) — T théa man diéu kién

Lipschitz (2.9). Hon nita, vdi moi (x,y) € Ju, ta gid st ¢Y(z,y) € T va ton
tai Ag > 0 sao cho

2L -
Hay) 2 S5O (w0),
0

trong d6 2(z,y) = min{(y(z,y))" — (Y(z,9))g . ¥(z.y))g — (@(z.y)'}. Khi
do, Ti[u](az,y) € E vdi moi (x,y) € Jup-

@ ry

Chiing minh. Dat v(z,y) = (—1)/ / f(s,t,uesp))dtds véi moi (z,y) € Jap.
0o Jo

Khi do, ta co:

tenlular )] < 2dee(0(2.9).0) < 2o [ [ fGsstiuge0)tds,0)
0 0

X Yy R
< 2L/ / dOC(U(S,t),O)dtdS

<2L// sup  doo(u(s +0,t +0'),0)dtds
0 (0,00

< 2L/ / sup doo (u(w, w"), 0)dtds.
0 JO (w,w)€[s—r,s]x[t—r,t]
Chitng minh tuong ty bat dang thiic (2.10) ta duge
l 0 < 2L e g (4,0 v6i mot A > 0
enfv(z,y)]” < Stk A(u,0) v6i moi A > 0.
Mit khéc, theo gid thiét ton tai A\g > 0 sao cho

2L -
3N E Hy (1,0) < 2(5,9), (5,9) € Jay
0
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nén ta suy ralenfv(z,y)]° < z(z,y), (z,y) € Jup. Do d6, theo Meénh dé 2.2, higu
@y
Hukuhara ¢(x, y)@H(—l)/ / f(s,t,u(s p))dtds ton tai v6i moi (x,y) € Jap.
0o Jo
Diéu nay c6 nghia Tif [u)(z,y) € E v6i moi (z,y) € Jup. Ménh dé duge ching

minh. O

Nhan xét 2.5. Trong khong gian C(J2, E), cac metric H va Hy 1a tuong
duong. Do dé, chiing ta c6 thé sit dung ca hai metric nay dé nghién ctu tinh
gidi dugce ctia bai toan (2.1)-(2.3). Tuy nhién, diéu nay khong con dung khi
ta xét bai toan trén mién vo han. Van dé dudc dat ra la trong mién vo han

J>® = [-1,00) x [—r,00), khi nao bai toan (2.1) - (2.3) ¢6 duy nhat nghi¢m?

r

Cau tra 15i dugc ching t6i trinh bay cuy thé trong phan sau.

2.2. Bai toan bién dbéi véi phuong trinh hyperbolic m& c6 tré trén

mién vo han
2.2.1. Dat bai toan

Trong phan nay, ching toi nghién cttu phuong trinh hyperbolic md c6 tré

trén mien vo han
Dyyu(x,y) = f(2,y,U@,y), (2,y) € J5° = [0,00) x [0, 00) (2.11)
v6i dieéu kién bieén dia phuong
u(z,0) = m(x), = €[0,00), u(0,y) =n2(y), y € [0,00) (2.12)
va diéu kién ban dau
u(@,y) = p(e,y), (,y) € J = J2\ (0,00) x (0,00) (2.13)

trong d6 J° = [—7r,00) X [—r,00),7 > 0,f : J° x C(J°,E) — E, n1,m2 €
C([0,00), E), ¢ € C(J®,E) la cac ham cho truée sao cho 11(0) = 12(0) =
©(0,0) = u(0,0) vana(y)©ru(0,0),n ()ogu(0,0) € E v6i moi z,y € [0, 00).
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2.2.2. Nghiém tich phan

Ménh dé sau gitip chiing ta chuyén bai toan (2.11)-(2.13) sang bai toan tich
phan. Két qua trong ménh dé ddm bao cho Dinh nghia 2.2 dugc trinh bay &
phan sau c6 nghia.

Ménh dé 2.4. Gid st f : J° x C(J°,E) — E la mot ham lién tuc va
u(.,.) € Wi(J2°, E) UWs(J°, E) théa man (2.11)-(2.13). Khi dé u(.,.) théa

man mot trong cac phuong trinh tich phan sau

u(x,y) (z,y) / / f(s,t,uesy))dtds (2.14)

u(x,y) = v(z,y) Sn ( / / f(s,t,uesy))dtds (2.15)

vdi moi (z,y) € J§°.

Chitng minh. Gia st u(.,.) € Wi (J2°, E)UW,(J2°, E) thoa man (2.11)-(2.13).
Chiing minh tuong ty B6 dé 2.1, ta ¢6 f(x,y, u(s,)) lien tuc trén J§°. Do do,
f(z,9,u(z,)) kha tich trén Jg°. Lay tich phan hai vé phuong trinh (2.11) trén

Yy Y
/ Dmtu(xat)dt = / f(x7t>u(x,t))dt
0 0

Tiép tuc lap luan tuong ty Ménh dé 2.1, ta c6 diéu phai chitng minh. O

0, y] ta dugc

Dinh nghia 2.2. Mot ham u € C(J2°, E) duge goi la

1) nghiém tich phan kiéu 1 ctia bai toan (2.11)-(2.13) néu u(x,y) = ¢
(z,y) € J> va thoéa mén phuong trinh tich phan (2.14) véi moi (z,y
2) nghiém tich phan kiéu 2 clia bai toan (2.11)-(2.13) néu u(z,y) = ¢
(z,y) € J va thoéa mén phuong trinh tich phan (2.15) véi moi (z,y

2.2.3. Tinh giai dudgc cua bai toan

Dé chitng minh sy ton tai duy nhat nghiém ctia bai toan (2.11)-(2.13), ta

gid thiét ham f v& cac ham 7y, ne théa man cic dieu kién sau:
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(Aq) Ham f: J° x C(J2, E) — E théa man diéu kién Lipschitz (2.9) va ton

tai cac s6 thue duong My, c; sao cho
doo (f(,y,0),0) < Mye® @) v6i moi (z,y) € J&°.

(Az) Véi moi (z,y) € J§°, ton tai cac s6 thuc duong M; va ¢; (i = 2,3) sao
cho

doo (m1(2),0) < M2e®" va dog (112(y), 0) < Mze®™.

Khi d6, v6i méi A > 0, ta ching minh sy ton tai vd duy nhat nghiém
clia bai toan (2.11)- (2.13) trén khong gian C°(J2°, E) gom tat cd cadc ham
u € C(J, E) sao cho u(z,y) = ¢(z,y), (z,y) € J° va

sup  doo(u(z,5),0)e MY < o0,
(z,y)eJpe

Tinh day du ctia khong gian metric (C{°(J2°, E), Hy) dugc chiing minh chi

tiét trong bo deé sau.

Bo6 dé 2.3. Vdi moi s6 thuc A > 0, (C5°(J°, E), Hy) la khong gian metric
day di.

Ching minh. Gid st rang {um, }m>1 12 mot day Cauchy trong (C$°(J2°, E), H)).
Budc 1. Ta chitng minh day {um, }m>1 hoi tu.
That vay, v6i méi € > 0, ton tai n. € N sao cho v6i moi m,n > n. ta co6

Hy(um,u,) < e. Do d6, v6i moi m,n > n. va (z,y) € J°, ta ¢
oo (U (2, ), un (7)) < ceMTTY), (2.16)

Diéu nay ¢6 nghia v6i moi (z,y) € J2°, {um (2, y)}m>1 cling 1a mot day Cauchy
trong E. Mat khac, (F,ds) la khong gian metric day dia. Do d6, ton tai
u(z,y) € E sao cho

lim doo (U (z,y),u(z,y)) = 0. (2.17)

m—0o0
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V6i (z,y) € J° ¢ dinh, lay gidi han (2.16) khi m — oo, két hop véi (2.17), ta

dugc

doo (un(z, 1), u(z,y)) < ee ™Y v6i n > n,, (2.18)

hay doo (un (z,9), u(z,y))e @Y < . Do d6

SUp  doo (Un (2, 9), u(z,y))e Y < e n > n..
(z,y)eJee

Diéu nay ching t6 Hy (uy,u) < € v6i moi n > n.. Nhu vay, lim Hy(uy,,u) = 0.
n—o0

Buéc 2. Ta chi ra rang u € C(J°, E).

Cé dinh (zg,y0) € J°. Vi u,, lién tuc trén J° nén véi moi € > 0, ton tai

d > 0 sao cho v6i moi (z,y) € J° thdéa man |x — zo| + |y — yo| < § ta 6

Wl M

oo (Um (2, Y), um (20, Y0)) <

biat By = {(z,y) € J° : |z —xo| + |y — 0| < 1} vi N = max er@ty)
($7y)EBl

. . L € N . e .
Theo chitng minh Buéc 1, véi 1 = 3N > 0, ton tai n., € N sao cho v6i moi

m > ne, ta c6 Hy(um,u) < 1. Diéu nay c6 nghia
oo (Um (2, ), u(z,y)) < e1e*@Y) v6i moi (z,y) € J.

C6 dinh M > n., va dat 6’ = min{d, 1}. Khi do, véi (z,y) € Bs/, ta co

(ﬂﬁyy)EB(;/

€
<g; max eMaty) — =
(z,y)€B1 3

Va do dé, v6i moi (z,y) € Bs/, ta ¢ danh gié

doo (u(z,y), u(0,90)) < doo(u(, y), uns(x,y))
+ doo (U (,Y), unr (To, Yo)) + doo(unr (To, Yo), u(To, Yo))

<t4s4z=¢
3 3 3 7
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Diéu nay chiing t6 « 14 mot ham lién tuc trén J2°.
Budc 3. Ta chiing minh ring u € C°(J2°, E).
Khi (z,y) € J®, Vi um(z,y) = ¢(z,y) nén u(z,y) = ¢(z,y). Ta can ching

roo

minh ring  sup  doo(u(z,y),0)e " MFHY) < oo,
(z,y)ete

That vay, ta co

doo (u(z,y), (A))e—k(wﬂLy)
< doo (u(@, ), i (2,9))e M) 4 dog (g (, ), 0)e A FHY)

< Hy\ (U ) + doo (U (2,),0)e XY (2, y) € J©.

Vi Uy, € OP(J2,E) nén  sup  doo (um(z,7),0)e M=) < oo, Hon nita,
(z,y)e e

lim H)(u,u,,) = 0. Do do, ta ¢6

m—o0

sup  doo(u(z,5),0)e MY < o0,
(z,y)eJpe

Nhu vay, u,, = v € C(J°, F) theo metric Hy, do d6 (C°(J°, E), Hy) la

mot khong gian metric day da. Bé dé dude chitng minh. d

Nhan xét 2.6. Gia st ring ham mo f thda man gia thiét (Ay). Khi do, ta

c6 cac danh gia sau

x Yy .
/ / dOO(f(Su t u(s,t))a O)dtdS
0 0
xX Yy R
§/ / doo (f(8,t,us,1)), f(5,1, 0) dtds—I—/ / (s,t,0),0)dtds
0 0
xX Yy R
< / / Ld2.(u(s.1, 0)dtds + / / Mye® 5t dtds
0 0 0 0

X Yy R M
< L/ / d: (w(s,py, 0)dtds + —Zlecl(wﬂ/),V(:c, y) € J5°. (2.19)
0o Jo ‘1

V6i u € C°(J°, E), ton tai p > 0 sao cho

doo (u(z,),0) < pe M=) v6i moi (z,y) € J.



51
Khi d6, véi moi (6,60") € J2, (s,t) € J§°, ta co
oo (u(s + 0,1 4 0'),0) < peMHHIFT) < peAlst),
Do dé

d%(u(s,t),f)) = sup doc(u(s+0,t+0),0) < pert V(s t) € J°. (2.20)
(6,07)€J0

Tu (2.19) va (2.20) ta suy ra

. L M
/ / (5,t,u(s,t)), 0)dtds < i—ze’\(ﬁy) + C—%lecl(‘”+y),V(x,y) € J;°.
(2.21)

Nhan xét 2.7. V6i moi u,v € C3°(J°, E) vd ham md f thoa méan gia thiét
(Al), ta co

x Y z Y
(/ / f(sa tau(s,t))dtdsa / / f(87 t U(s,t))dtds)
0 0 0 0

Ty
SL/ / d%(u(s,t)av(s,t))dtdsa (xay) S J((I')o
0 0

Ching minh tuong ty (2.10) ta duge

x Y . Y L
(A /O' f(sata U(S,t))dtds7/0 /O f(87 t)”(S,f;))dtdS) S FHA(U’,U)GA(w""y)

(2.22)
v6i moi (z,y) € J§°.
V6i ¢ € C(J=, E), xét toan tit N3 xac dinh béi
X y .
va)e [ [ fstaugodids néu (o) € T3
Ns(u(z,y))= o Jo (2.23)

o(z,y) néu (z,y) € J.

Dé thay, u 13 mot nghiém tich phan kieu 1 ctia bai toan (2.11)-(2.13) khi va

chi khi né6 1a diém bat dong ciia toan ti Ns.



52

Bé6 dé 2.4. Gid st rang f € C(J§° xC(J?, E), E) va cdc gid thiét (A1) —(Az)
duge théa man. Khi dé, vdi moi A > max{cy, ca, c3, \/f}, N3 la anh za co trén
% (J=, E).

Ching minh.
Budc 1. Ta chiing minh rang N3(C°(J°, E)) C C2(J°, E). That vay, véi
moi u € CP(J°, FE) va (x,y) € J§°, ta co

oo (N3 (u(2,9)),0) < doo ($(,9), 0) + dos ( /O x /O " F(s,tugo)dtds, 0)

< 0.0+ [ [ df ) Ot
Tit Nhan x6t 2.6, cong thitc (2.21) ta c6
e (Na((2.9)).0) £ doc (e 9).0) + S eXH) 4 o5,

Nhan ci hai vé cia bat ding thic véi e @Y ta duge
Ao (N3 (u(,9)), 0)e A+ < doo ((, ), o>eﬂ<w+y>+pL+M1 1N +v)

)\2
(2.24)

Mat khac, tir gid thiét (Ag) va tinh chat i) trong Ménh dé 1.3 ta suy ra
doo (¢ (2, y),0)e A HY)
< | oo (m(2),0) + doo (12(y), 0) + doo ((0, 0), 0) | e A=)
< Mael2=NEHY) 4 pppeles=N ) 4 g (0(0,0),0).
Vi ¢(0,0) = u(0,0) vd& A > max{cy, c2,c3} nén ta c6
doo (V(, ), 0)e M) < My + My + p < 0. (2.25)
Két hop (2.24) va (2.25) ta thay rang

pL M
+ =t < 00, (z,y) € J§°.

doo(NS(u('ra y))7 6) ~M@ty) < Mz + M3 + Ptz 22 c2
1

(2.26)
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Truong hop (z,y) € J2, tacoé N3(u(x,y)) = ¢(z,y). Do d6, N3(CL(J>®, E)) C

O (J®, E).

Budc 2. Trong budc nay, ta chi ra rang N3 1a mot anh xa co trén C°(J2°, E).
V6i moi u,v € C°(J2°, E), tit tinh chat ) trong Ménh de 1.3 va Nhan xét

2.7, cong thic (2.22), ta c6

doo (N3(u(z,y)),N3(v(

< ds //fstu(st)dtds//fstv(st)dtds)

< L/ / Hy(u,v)e A+ dtds < )\—HA(u v)e A(z+y)
v6i moi (z,y) € J§°. Do do
doo (N N. Mty < Lo s J
OO( 3(U(£B,y)), 3(U(£I},y)))€ = p A(U,Q}), (-T,y) cJ
Diéu nay dan téi

Hx(N3(u), N3(v)) = ( Sl)le]_aJoo doo (N3 (u(z,v)), N3(v(z,y)))e @)

L
< EH,\(U v).

L
WA>\/Enénﬁ<1.D0d(’),N3151énhxaco. O

Duta trén cac két qua ctia Bo dé 2.3 va Bo dé 2.4, ching to6i chitng minh sy
ton tai va duy nhat nghiém tich phan kiéu 1 ctia bai toan (2.11)-(2.13) trong
dinh 1y sau.

Dinh 1i 2.3. Gid s ham f : J§° x C(J°,E) — E lién tuc va cdc gid thiét
(A1) —(As) ding. Khi dé, ton tai nghiém tich phan kiéu 1 cia bai todn (2.11)-
(2.13) trén J2° va nghiém nay la duy nhat trong khong gian CS°(J2°, E) vdi
A >0 di lon.

Chitng minh. Xét toan tit N3 : C°(J°, E) — CS°(J2°, E) xac dinh bdi (2.23).
Tt B6 dé 2.3, ta thiy (C°(J°, E), Hy) 1a mot khong gian metric day du véi
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moi A > 0 va theo B dé 2.4, N3 : C°(J°, E) — C$°(J°, E) 1a mot 4nh xa
co. Do d6, theo Dinh ly 1.7, ta suy ra ton tai duy nhat u € C(J°, E) sao
cho N3(u) = u. Néi cach khac, u 1a nghiém tich phan kiéu 1 duy nhit ctia bai

toan. Dinh ly dugc chitng minh. ]

Tiép theo, ta xét bai toan (2.11)-(2.13) trong truong hgp v 1a ham gH-kha
vi kieu 2 va véi mbi A > 0, ta dat
OIS (I, B) = {u € C(J°, E) : T [ul(z,y) € E véi moi (z,y) € J§°}.
Dinh 1y sau khang dinh su ton tai nghiém tich phan kiéu 2 ctia bai toan vdi
ban kinh nghiém md gidm dan theo thai gian.

Dinh 1i 2.4. Gid st f € C(J§° x C(JY, E), E) va cdc gid thiét (Ay) — (Az)
théa man. Thém vao dé, gid si rang

(i) O (I E) #0 va

(i1) néuwu € C’;i;)f(Jfo, E) thy T,(Z [u](z,y) € C’f\)%f(Jq?o,E) vdi moi (z,y) € J§°.
Khi dé, ton tai nghiém tich phan kiéu 2 ctia bai todn (2.11)-(2.13) trén J° va
nghiém nay la duy nhat trong khong gian C;?’f(J;?O, E) voi A > 0 du lon.

Chitng minh. T gia thiét (i) va (ii), ta xay dung anh xa
Ny : OS5 (I, B) = C5 (2, B)
x4c dinh béi Nyu(z,y) = ¢(x,y) néu (z,y) € J= va
Noao,) = 0lw) On (<) [ [ Flovtougen)itds éw (o) € I3

Vé6i u € C’f{oq’bf(J?, E) va (z,y) € J§° tuy ¥, tit tinh chat iv) trong Meénh dé
1.3, ta co

Chiing minh tuong tif B6 dé 2.4, ta duge Ny la anh xa co tit Cf (J2°, E)
dén C'ii’pf(g]fo, E). Hon nita, chttng minh tuong tu B6 dé 2.2, ta c6 khong gian
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(C;O,l;)f(Jfo, E), H,) la mot khong gian metric day da véi moi sé thuc A > 0.
Do do6, ton tai duy nhat ham u € C;?J(J;’O, FE) sao cho Nau = u. Khi d6, u la
mot nghiém tich phan kiéu 2 ctia bai toan (2.11)-(2.13) trén J°. O

Nhan xét 2.8. Nhu vay, bang cach ap dung Nguyén 1y 4nh xa co Banach
trong cac khong gian metric thich hgp, chting toi chitng minh dugc sy ton tai
hai kiéu nghiém tich phan ctia bai todn (2.11)-(2.13) trén mién vo han J2°,
tuong tng véi ting kiéu gH-kha vi khac nhau ctia dao ham Hukuhara suy
rong. Chitng minh tuong tiy Ménh deé 2.3, ta cling nhan dugc 16p cac s6 mo

tam giac dé ddm béo cho TJ}I [u](z,y) € E v6i moi (x,y) € J§°.
2.3. Mot s6 vi du minh hoa

Trong phan nay, ching t6i trinh bay mot s6 vi du dé minh hoa cho cac
két qua da dat duge. O vi du dau tien, sau khi khéng dinh su ton tai va duy
nhat nghiém, ching toi xay dung nghiém md bang viéc st dung luge do clia
Buckley - Feuring (xem [16]). Trong khi d6, & vi du thit hai, 4p dung phuong
phép steps dugc dua ra trong [26], chiing toi c6 thé chi ra dudc ca hai loai

nghiém cua bai toan.
Vi du 2.1. Xét phuong trinh hyperbolic ma
Dyyu(z,y) = —e®u(z — 4,y — 4) @ (v + 1)e? K, (z,y) € J§° (2.27)
v6i dieu kién bién dia phuong
u(z,0) = (z + 3)K, u(0,y) = 3e*K, u(0,0) = 3K, (z,y) € J5° (2.28)
va diéu kién ban dau
u(z,y) = (x+lxy—§x2y+3)62yl(, (z,y) € J = J\(0,00) % (0,00) (2.29)

4 41

trong d6 K 13 mot s6 md.
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T phuong trinh (2.27), ta suy ra
(@Y, uy) = —€u(z —4,y —4) & (z 4+ 1)e? K
théa man diéu kién Lipschitz cting v6i hing s6 Lipschitz L = e® vi
doo (f (@, Y Uz )s [ (@, 4 V(wa)) < €dE (W), Va))s (T,y) € IS5

Gia st tap muc cta s6 mo K 1a [K]* = [k~ (a), kT («)] v6i moi a € [0, 1]. Khi
do, ta co

N

doo (f(z,9,0),0) < (z +1)e? sup
0<a<l1

k™ (o) — kT ()

< 2z +1)e® sup kT (a) < 2 sup kT (a).
0<a<l1 0<a<l1

Diéu nay ching t6 dieu kien (A;) dugc thdéa man véi ¢ = 2 va My =

sup kT (). Lap luan tuong ty, ta dugc
0<a<1

doo(nl(a:),()) < 6e” sup kT (a)

0<a<1

VA doo(n2(y),0) < 6e sup kt(a). Nhu vay, diéu kien (Ag) théa méan véi

0<a<1
co=1,c3=2, My =6 sup kT (a) va M3 =6 sup k™ (a).
0<a<l 0<a<1

Néu ta chon A\ > max{cy, ¢z, c3,VL} = e* thi tit ca cac diéu kién ciia Dinh
Iy 2.3 déu dugc théa man. Do dé, ton tai duy nhat mot nghiém tich phan kiéu
1 ctia bai toan (2.27)-(2.29) trén Jg°.

Dé thiy réng trong trudng hop ham dude xét 1a ham co dién thi u(z,y) =
k(z+3)e?¥ 1a mot nghiém co dién clia bai toan (2.27) - (2.29). Khi d6, st dung
luge dd ctia Buckley - Feuring (xem [16]), bing cdch m& héa nghiém co dién
dya trén Nguyeén 1y suy rong Zadeh (Dinh nghia 1.2, trang 17), ching t6i tim
duge mot nghiem ma 14 nghiém tich phan kiéu 1 ctia bai toan (2.27)-(2.29) véi

tap mtc la

[u(z,9)]* = (z+3)e™ [k~ (a), k" ()], (z,y) € Ji*,a € [0,1].
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Vi du 2.2. Xét phuong trinh dao ham riéng hyperbolic ma
Dgyu(z,y) = —eu(x — 1,y — 1) @ ze?(—1,0,1), (z,y) € J5° (2.30)
v6i diéu kién bién dia phuong
u(z,0) = £(—1,0,1),z € [0,00), u(0,y) =0, y € [0,00) (2.31)
va diéu kién ban dau
u(z,y) = z(y +1)(=1,0,1), (z,y) € J* := J>\(0,00) x (0,00). (2.32)

Trudng hop 1. u € Wy (J{°, E).
Tit Nhan xét 1.3, ta c6

0u, (z.1) 0?u7
9 Ox0y

[Dayu(z,y)]* =

Khi d6, v6i méi diéu kién ban dau cho truée, ap dung phuong phap steps
[26], ta tim nghiém tich phan ki¢u 1 ctia bai toan (2.30) - (2.32) trén mién
[0,n]? v6i moi n > 2. Cu thé, trong bai toan nay, sit dung phuong phap steps
chting toi tim nghiém tich phan kiéu 1 ctia bai toan trén [0, 2]2.

Dau tién, v6i (z,y) € [0,1]?, nghiém tich phan kiéu 1 clia bai toan dugc
xac dinh bdi tap mic

2

[u(z,y)]* = (Zy (22 —2z) + %(ey - 1)+ a:) [a—1,1—q].

Truong hop (z,y) € [0,1] x [1,2] hodc (z,y) € [1,2] x [0,1], o € [0,1], lam
tuong tu ta nhan dugce cong thitc nghiém tich phan kieu 1 ctia bai toan giéng
nhu truong hop dau tien.

Cudi ciing, khi (x,y) € [1,2]?, a € [0,1], ta sit dung cAc nghiém tim dudc
trong ba truong hgp trudec nhu dieu kién ban dau va thu duge nghiém tich

phan kiéu 1 ctia bai toan dude cé tap mic xac dinh béi
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2 3 - )
[u(z,y)]* = (5—6(—1’3+6x2—9x+4)(y—1)3+ x +6:c6 3x + o
e e 72
-I-6(333_6332+933—4)y-|-Z[g(x_l)Z_yz]_E_l_x)[a_l)l_a].

Trudng hgp 2. u € Wy (J{°, E).

Tw Nhan xét 1.3, ta co

o [0%u} 0%uy,

Tuong ty nhu truong hgp 1, véi mdi dieu kien ban dau cho truée, ap dung
phuong phap steps, khi (z,y) € [0,1]? hodc [0,1] x [1,2] hozic [1,2] x [0, 1], ta

tim dugc nghiém tich phan kiéu 2 ctia bai toan

[z, y)]* = (Z(;ﬂ —2a)y? + %(ey 1) - g;) @—1,1—a], acl0,1]

va khi (z,y) € [1,2]?, ta dugc

’ 34321
fu(z, )] =( (2 — 622 + 92 — 4)(y — 1P + T2 Lo
36 5
3 - 3r+2 2
T 6x+ ey+Z[3(l’—1)2—y2]_%—5[;>[a—1,1—a],

voi a € [0, 1].
Két luan Chuong 2

Trong chuong nay, ching t6i nghién cttu phuong trinh hyperbolic m& ¢6 tré
v6i dieu kien ban dau dia phuong dudi tinh kha vi Hukuhara suy rong trén
mién bi chin va trén mién vo han. Cac két qua dat dudc bao gom:

1) Chitng minh sy ton tai va duy nhat nghiém tich phan kiéu 1 va kiéu 2 trén
mién bi chin (Dinh 1y 2.1 va Dinh 1y 2.2).
2) Chttng minh sy ton tai v& tinh duy nhat nghiém tich phan kiéu 1 va kiéu 2

trén mién vo han (Dinh 1y 2.3 va Dinh 1y 2.4).
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3) Dua ra 16p cac s6 mS tam gidc ddm béo sy ton tai nghiém tich phan kiéu 2
clia bai toan (Ménh de 2.3).
4) Pua ra mot sd vi du minh hoa cho cac két qui dat duge. Ap dung phuong
phép steps duge dua ra trong [39] dé tim nghiém md phuong trinh dao ham
rieng hyperbolic m& cé tré trong vi du cu thé, trong dé ta cé thé chi ra dudc
c4 hai nghiém kha vi Hukuhara suy rong kiéu (i) va kiéu (ii).

Cac két qua nay la nén tdng cho viéc nghién citu dang diéu tiém can céc
nghiém md, thich hop cho viéc mo phong sit truyén séng dan hoi hoac séng

am cung v6i sy khong chic chan trong moi truong dong lyc.
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Chuong 3

BAI TOAN BIEN DOI VOI PHUGNG TRINH DAO HAM
RIENG MO DANG HYPERBOLIC BAC PHAN SO

Phuong trinh vi phan va tich phan bac phan s6 duge st dung dé mo hinh
hoéa cho nhiéu tién trinh khac nhau trong vat 1y, héa hoc va ky thuat [34]. Mot
trong nhitng cong trinh dau tién vé phuong trinh vi phan md bac phan sb 1a
ctia Agarwal va cac cong su [4] va sau do la ctia tac gid Arshad [9, 10] v6i khai
niém dao ham Riemann-Liouville m& dya trén hiéu Hukuhara gitta cac tap mo
[28]. Ly thuyét vé gidi tich bac phan s6 mo da duge Salahshour, Ahmadian,
Agarwal st dung dé mo hinh héa mot s6 bai toan thue té [5, 52].

Tt nam 2010 dén nay, c¢6 nhiéu cong trinh nghién cttu vé phuong trinh vi
phan mo bac phan s6 duéi nhitng khai niém kha vi md khac nhau, nhu tinh
khé vi Hukuhara [4, 9, 10], tinh kh& vi Hukuhara suy rong, dao ham Caputo
6, 27, 42]. Tuy nhién theo hiéu biét ctia chiing toi, chuta c¢6 nhiéu nghién citu vé
phuong trinh dao ham riéng md bac phan s6. Do dé, trong chuong nay, ching
toi nghién citu phuong trinh dao ham riéng md dang hyperbolic bac phan sb.

Dau tién, dya trén khai niém tich phan Riemann - Liouville cho ham hai
bién gid tri thyc vd Dinh 1y Stacking (Dinh 1y 1.2), chiing t6i xay dung khai
niém tich phan Riemann - Liouville cho ham hai bién gié tri s6 mo (Dinh nghia
3.2). Tinh diing din ctia khai niém nay dugdc chitng minh chi tiét trong B6 dé
3.3. Khai niéem dao ham Caputo duya trén hiéu Hukuhara suy rong dugc dua
ra trong Dinh nghia 3.3 dudi su két hop cia hai khai niem: dao ham Hukuhara
suy rong va tich phan Riemann - Liouville. Mot s6 vi du duge dua ra dé minh

hoa cho cac khai niém nay. Bai toan bién dia phuong cho phuong trinh dao
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ham riéng mo dang hyperbolic bac phan s6 dugc dua ra trong Muc 3.2. Tuong
tu trong Chuong 2, v6i gia thiét ham f théa man dieu kién Lipschitz, ching
t6i chitng minh dudc cac két qua vé tinh gidi dudge duy nhat clia bai toan trén
mién bi chan va trén mién vo han trong cac Dinh 1y 3.1, 3.2, 3.4 va Dinh 1y 3.5.
Hon nita, véi gid thiét ham f bi chan (f c6 thé khong Lipschitz), bang céch st
dung Dinh 1y diém bat dong Schauder cho khéng gian metric nita tuyén tinh,
chting t6i chitng minh dugc syt ton tai nghiém ctia bai todn trén mién bi chan
(Dinh 1y 3.3).

Noi dung ctia chuong dugc trinh bay dya trén cac bai bao s6 3 va s6 4 trong

Danh muc cong trinh khoa hoc ctia tac gia lien quan dén luan an.
3.1. Dao ham bac phan s6 ciia cac ham hai bién gia tri s6 md
3.1.1. Dao ham bac phan s6 ctia ham hai bién gia tri thuc

Dinh nghia 3.1. [1] Gi4 st ¢ = (¢1,¢2) € (0,1] x (0,1] va u € L' (Ju, R).

Tich phan Riemann - Liouville bac q ciia ham thuc v duge xac dinh béi

RLT9 y(z I ' yaz—sql_l — )2 Ly (s s
o) = g [ [ @= 9y — 0 s s @)

mién 1a tich phan & vé phai xac dinh v6i hau khip (z,y) € Jub.

Khi ¢ = (1,1), ta quy udc
z oy
RLIS (e, y) :/ / u(s, t)dtds, (z,y) € Jap.
0o Jo
Dao ham Caputo bac ¢ ctia u theo x,y duge xac dinh bdi

O%u
1—
“Diu(z,y) = RLIO+q(amay (,9), (,9) € Jap

v6i dieu kién tich phan 6 vé phai duge xac dinh, trong d6 1—q = (1—q1,1—¢2).

Vidu 3.1. [1] Cho \,w € (—1,00) va ¢ = (q1,q2) € (0,1] x (0,1]. Khi dé, ta

s

(610]
M1+ M1 +w) A
L+ A+ )l (1 +w+q)

RL 19 w+
Io .

Lty = I Yy
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vdi hau khap (x,y) € Jap.

Tinh chat sau vé tich phan bac phan s6 ctia ham s6 mi v(z,y) = e**, A\ >
0, (z,y) € [0,00) x [0, b] dugc trich tit B6 dé 2.3 trong bai bdo sb 4 trong Danh
muc cong trinh khoa hoc ciia tac gid lien quan dén luan an. Két luan ctia bd
dé nay dong vai tro quan trong trong cac danh gia vé sy ton tai ciing nhu tinh

chat nghiém clia cac bai toan trong Chuong 3 va Chuong 4.

Bé dé 3.1. Cho q = (q1,q2) € (0,1] x (0,1],A > 0 wva ham s6 v(z,y) =
e (x,y) € [0,00) x [0,b]. Vdie >0 tuy 4, ton tai C > 0 sao cho

RLIT v(z,y) < G(Ab,q1,q2)e™

vdi moi (z,y) € [0,00) x [0,b], trong do

CAbane) = 1b)q12“(q2 1) max{(il>ql;2<il)g + %( i )ql}'

Ching minh. Ta co

1 Ty

RL 1q -1 —1_As
I v(x,y) = r—s) 2)27 e dzds.
o) I'(q1)! (Q2)/o /o ( ) ¥=2)

bat t = x — s, ta dugc

x 0 .
/ (33 _ S)ql_l(i)\sds — _/ tQ1—16>\(ﬂc—t)dt _ e)\x/ tql_le_Atdt.
0 . 0

f s \ 1\ 1=
De thay rang v6i € > 0 tuy y, ton tai C = (—) " > 0 sao cho phuong trinh
ce

t=e M AX>0,t>0

c6 duy nhat nghiém ¢, théa man

o< S (3.2)

AT+e

Gi& sit tg > 0 1a mot nghiem ciia phuong trinh t179 = (@ =DM Vi ¢ < 1
nen dé thiy ¢, % = e(@1=DMo < 1. Do do, ty < 1.

Truong hop 1: x < tp < 1. Khi do, ta c6 danh gia

x T A A
[l amrenas=on [Fwnoas 2o <22 ()"
0 0 q1 g1 \)\T+e
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Hon nita, véi moi y € [0, ], ta ¢

Do do, trong truong hgp nay, ta co

bz AT C \u
RLIg+U($a?J) ( ) :

<
T+ 1)T(ge +1) \\1i=

Truong hop 2: ¢ > ty. Ta co

x to x
/ (z —s)17Lerds = [/ th e a4 / tql_le_”dt]
0 0

to

+ Xét ham s6 f(t) = ¢ ~L — e(-9)M vai ¢ > ¢, Ta c6
Fl(@) = (@ = )tn 2 = M1 = g)el' =M <0

Diéu nay ching té f 1a mot ham giam va do d6 t91—1 < e(1=9)M y6i moi t > ¢

va A > 0.

DN

+ Xét hai ham s6 g(t) = e ™M va h(t) = 72 v6i0 < ¢t < to < 1. D

e >~
thay g(t) € [e™*,1) va h(t) € (1,+00) v6i moi 0 < t < to < 1. Do do,

g(t) < h(t) ¥t € (0,10). Didu nay c6 nghia e < t~% véi moi ¢ € (0, to).

Nhu vay, trong truong hgp to € [0, x], ta thiy rang

X t x
/ ({L' _ S)th—le)\sds :e)\x [/ 0 tql_le_Atdt + / tql—le—)\tdt]
0 0 ‘

0

_ t x
< M /Ot‘h—lt—qﬁdwr/ em—qﬂte—”dt]
-JO

to

- to a1 X
=M / tz—ldt+/ e_/\qltdt}
-J0 t()

2 @ 1 1

Az — g1t —Aq1x
t 2 _|_ e qitlo __ e q1 .

Lq1 0 Aq1 Aq1 ]

1 . R .
Vi e Mo = ¢, va )\—e_)‘ql"” > 0 v6i moi x > 0 va do do
q1

x Az a1 1
/ (x —s)2terds < < [2t02 + thl} véi z > 0.
0 a1
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Tu bat phuong trinh (3.2), ta suy ra

a 1 C\5% 17 C \«
2t021+Xt81§2( 1)2+—< 1)1.

)\17+g )\ )\1+8
Do do, trong truong hgp nay, ta cé
bez e ® C\% 17 C \«
RL 19
Iy < 2G=) Ge) ]
o+l 9) < I(qn + 1T (g2 +1) L\ \75= A\ N

Dat

"
GOb @) = +1b)q12“(q2+1) max{(xiylﬂ(xi) 2 +§<Alcie )"}

Khi d6, véi moi (z,y) € [0,00) x [0,b], ta ¢

RLTE u(z,y) < G\ b, q1,q2)e™”.
B& dé dugc chiing minh. O
Nhan xét 3.1. Véi mdi k > 0 cho trudc, ta c6 thé chon A > 0 dii 16n sao cho
G\, b,q1,q2) < k. (3.3)
3.1.2. Pao ham bac phan s6 ciia ham hai bién gia tri ms

Trong phan nay, ching toi xay dyng khai niém dao ham Caputo cho ham
hai bién gia tri mo. Két qua dude trinh bay dya trén phan dau ciia bai bao s6
3 trong Danh muc cong trinh khoa hoc ciia tac gia lien quan dén luan an. Dé
dinh nghia tich phan bac phan s6 cho ham hai bién gia tri mo u : J,, — FE,

chiing t6i chiing minh bd dé sau:

Bé dé 3.2. Cho ¢ = (q1,¢2) € (0,1] x (0,1] va ham mo u : Jup — E sao cho
[u(z,y)]* = [u; (x,y),ul (z,y)] véi moi o € [0,1]. Néu u,,ul € L'(Jup,R) va
BT ug (z,y), BEIY uf (z,y) ton tai vdi hau khap (z,y) € Jap thi ho cdc doan

{Ga}a6[0,1]7 V0L
G 1= [FP 18 ug (2), P21t (2.)]

zdc dinh mot s6 mo v(z,y) € E sao cho [v(z,y)]* = Gy, a € [0,1].
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Chiing minh. Vi mdi (x,y) € Jap, Vi u(z,y) € E nén véi ¢ € (0,1] x (0, 1], ta
dat

Go = / / YLy — )2t (s, t)dtds,
(J1 (q2)

/0 /0 (z = 5)" "y — )P ul (s, t)dtds|.

Gia st ar,az € [0,1] va oy < ag. Khi d6 ug (s,t) < ug,(s,t) va uf (s,t) >
uft,(s,t). Dovay Ga, C Goq,. V6imoi a,, € (0,1}, viu(0,0)” (s,t) < uy (s,t)

uy (s,t) vau(0,0)(s,t) > ul (s,t) > ui(s,t) nen ta co:

IN

g, (s,1)] < max{|u(0,0) (s, )], |uy (s, 8)[} := g1 (s, 1)

Jug, (s,1)] < max{|u(0,0)* (s, )], [uy (s,1)[} == ga(s, ).

RO rang, g; 1a kha tich Lebesgue tren [0,z] x [0,y], véi i = 1,2. Do d6, néu
{a,} 1a mot day khong gidm hoi tu t6i a € (0, 1] thi theo Dinh 1y sy hoi tu
troi Lebesgue, ta co

T Y

lim ————— // Y1y — )2k (s, t)dtds
n—oI'(q1)I'(g2) J ) (5:8)

_; z yx_sql—l _ q2_1uk s s
- I'(q1)T(q2) O/O/( )T (y —t) o (s, t)dtd

trong do ugn ki higu cho u, hodc u;rn Do d6, G, = [\ Ga,- Theo Dinh ly
n>1

1.3, ta nhan dudc két qua ciia bd deé. a

Tt bo dé trén, ta c6 thé dinh nghia tich phan Riemann - Liouville bac phan

s6 cho cac ham md nhu sau:

Dinh nghia 3.2. Cho ¢ = (q1,¢2) € (0,1]x(0,1] vau € LY (Jap, E), [u(x,y)]*
[ug, (x,y),ut (z,y)] v6i moi a € [0, 1]. Tich phan Riemann - Liouville bac ¢ cho

ham md v duge ki hiéu hinh thitc duéi dang

R u(z,y) = // Y1 (y — )92 (s, t)dtds
I'(q1)T'(g2)
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va duge xac dinh bdi tap mic
[F' I u(z, )] = "I ug (2, y), I g (2, y)], € [0, 1]
v6i moi (x,y) € Jap. Khi ¢ = (1, 1), ta ki hiéu
RLT ou(r,y) = /Ox /Oy u(s,t)dtds v6i moi (z,y) € Jap-

Vidu 3.2. Cho u: Ju — F 1a mot ham mo, u(z,y) = zyC trong d6 C 1a s6
mad véi tap mic [C]Y = [, 2—a] v6i moi a € [0, 1]. Khi d6, véi ¢ € (0, 1] x (0, 1],

ta co

[I;LIquu(a: y)]* [RLIqu ary, RL18+ (2 — a)zy]

B(qul)B(Q?qQ) q1+1, ga+1
= Ty o, 2 — «
I'(q1)I(g2) | |

4
— $q1+1yq2+1[0]a.

(g1 +2)T(q2 + 2)

4
(g1 +2)l'(g2 + 2)

Ménh dé 3.1. Cho p = (p1,p2),q = (q1,42) € (0,1] x (0,1] sao cho p+q =
(p1+q1,p2 + q2) € (0,1] x (0,1] va u € Ll(Jab,E). Khi do, ta co

Do d6, FFT8, u(x,y) = ey u(z,y), (x,y) € Jab.

RL7p \(RL7q \, _ (RL7p+q
(F‘ Io-i—)(F Io-i-)u_ (F I0+ )u
vdi dieu kién cdc tich phan ¢ vé phdi va vé trdi xdc dinh.

Chiing minh. Gia st g € LY(Ju, E) sao cho [g(z,y)]* = (95 (z,v), 95 (z,v)]

v6i moi (z,y) € Jap va a € [0, 1], trong do

0 (@, y) = / / 0Ny — )= ug (s, ¢)dids
91 Q2

+ T — ; o Tr—5 -1/ _ Q2—1u+ s 3
9o (2,Y) : F(Q1)P(Q2)/0 /O( )1y —t) T (s, t)dtds.
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Diéu nay c6 nghia la [FVZ8, u(z, y)* = (95 (z,y), 9F (2, y)] hay ZVI5, u(z,y) =
g(z,y). Do do, ta c¢6

[RLI§+ ]F%LIqu ]a = [RLI +g(:€ y

/ / s)P1H(y — P2 1g (s, t)dtds,
P1 (p2)
/ / sy — P2~ g (s, t)dtds|. (3.4)

Dé don gidn, tadiit X =2 —s, Y =y—t,S =s—s; va T =t —t;. Khi do,

ta dudc

/ / (z — )Py — )P lgg (s, t)dtds

=t |, L / ST g (s — 8,1 - T)dTdSdY dX.
(3.5)

Xét tich phan

A™ = / / XPr-lyp2= 1/ / Su—tre—ly~(s - St — T)dTdSdY dX

/ XP1- 1/ ga-1 / /Yp2 Laz=1y~ (s —S,t—T)deY)deX
:/ Xpl—l/ sl //YP2—1Tq2—1u;(s—S,t—T)deY)deX
/ / Xpi-lgn- ldXdS/ / yP2mlre—ly~(s — S t — T)dTdY.

Tiép tuc thay X = (z — S)(1—61), S=01(x—S5), Y =t —-T)(1—-03), T =
O2(t — T) vao A~ ta dugc

x 1
- / / (:1: B Sl)pl_l(l o 91)p1_19§1_1($ - 31)‘“d91d31><
y prl .
[ [ =t = 0 g = ) (o)t

o Jo

x 1

:/ ($—81)p1+q1_1ds1/ (1 —91)p1_10§1_1d91><
0 0

Yy 1
/ (y tl)pz-i-qz 1 (Sl,tl)dtl / ( 92)p2_10(2]2_1d92
0 0
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Nhu vay, ta duge

A™ = B(p1,q1)B(p2, ¢ // Pt (g )Ptz = (g0 ) dt dsy .
(3.6)
Két hop (3.4) - (3.6), ta c6

RL~+p RL~q «
F Io+F Io+u]

1
I'(p1 + q1)T(p2 + g2)

/ /(x_sl)p1+q1 l(y t )p2+q2 1 uy, (s1,t1)dtrdsy,

/ / (:1: p1+q1_1(y—tl)p2+q2_1u;f(sl,tl)dtldsl )

Diéu nay tuong duong véi [BEZP, BLTI o)™ = [RLTPF 4] véi moi a € [0, 1].

Meénh dé dugc ching minh. O
Dinh nghia 3.3. Cho ¢ = (q1,92) € [0,1) x [0,1) va u € Wi(Ju, E) U
Wa(Jap, E). Dao ham gH-Caputo bac ¢ cia ham ma u theo x, y duge xac dinh
béi:

cuDu(z,y) = Ly (Dayule,y)), (2,y) € Jab
véi diéu kien cac biéu thic 6 vé phai duge xac dinh, trong d6 1 — ¢ = (1 —

91,1—(]2)-

o Néu u € Wi (Jap, E) thi ta néi u 1a khé vi gH-Caputo bac ¢ kiéu (i) theo

x,y trén Jgp.

o Néu u € Wy(Jyp, E) thi ta néi u 1a kha vi gH-Caputo bac ¢ kiéu (ii) theo

x,y trén Jgp.

Vi du 3.3. Xét ham md u cho trong Vi du 3.2, u(z,y) = zyC. Dao ham

Hukuhara suy rong ctia v theo x dugce tinh nhu sau

.1 .1
lim > (w(@ + h,y) gy, u(z,y)) = lim = ((@+ h)yC Oy, 2yC)

=yC.
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0 .
Vay a—u(a:, y) = yC. Tuong tu, ta dudec Dyyu(x,y) = C. Dé thay trong truong
T
hgp nay u € Wy (Jup, F) va ta c6

o Du(z, ) = [F' Ty " Dayule, y))*

F'l-—q)l'(1—q) (1 —q)(1—q2)
1 1-q1,,1—q2 e’
“re—are-w’ Y

Do d6, u 1a gH-kha vi Caputo kiéu (i) va

1
['(2-q)I'(2 - g2)
Vidu 3.4. Xét ham md u : J,;, — E xéc dinh béi u(z,y) = (x —xy)C, trong
d6b<1vaC=(0,23,5). Ta co:

SHun<m7 y) =

Ty Pz, y).

o1
}1113%) 7 (u(:c + h,y) ©gm u(x, y))

o1
= lim (2 + h)(1 = y)C S 2(1 = y)C) = (1 =y)C
Diéu nay c6 nghia la

2 ) = (1 - y)C

Mat khac, vi b < 1 nén véi moi y € [0,b] ta c6 1 —y > 0. Khi d6 u 1a gH-kha

vi kiéu (i) theo z. Tiép tuc ta dugc

Dmyu($7y) }lbgr%) h

(8u ou

o (@,y) Sgrr 5 (@,y + h)) — (~1)C.

, 0 ,
Trong trudng hop nay, ta thay 8_u la gH-khé vi kiéu (ii) theo y va
x

[gHDq u(r,y)]” [RLIS+ ngDwyu(

x—s) 1 “R22adtds,
F(l_Q1 (1 —go) // 4

// z—5)"1( —t)—qz(5—2a)dtds]

— rl= (I1yl—q2 o
T I(1- ql)r(1 ") - =) [2a,5 — 2a].
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Diéu nay c6 nghia la

1
F(2 - CI1)F(2 - (J2)

[$uDIu(z,y)]* = g' Tyt e [(-1)C)°.

Do d6, u kha vi gH-Caputo kiéu (ii) va ta c6

_xl—qul—cm
C
F(2 - CJ1)F(2 - 612)

g’Hun(xv y) =

3.2. Bai toan bién dbi véi phuong trinh dao ham riéng md& dang

hyperbolic bac phan s6 trén mién bi chan
3.2.1. Dat bai toan
Xét phuong trinh dao ham riéng md dang hyperbolic bac phan s
gHun(t,x) = f(t,z,u(t,x)), (t,z) € Q5 =1[0,T] x [0, 4] (3.7)
ciing diéu kién bién dia phuong
u(t,0) =ni(t), t € [0,T], u(0,2) =n2(x), z € [0,b], (3.8)

trong d6 f: Q4 x C(Q%, E) — E van, € C([0,T), E), n2 € C([0,V], E) 1a céc
ham cho truéc sao cho cac hieu n;(t) ©g u(0,0),72(x) ©g u(0,0) ton tai, véi
t€[0,T)],z €[0,b] va n1(0) = n2(0) = u(0,0).

Meénh dé 3.2. Gid st u(.,.) € Wi (Q%, EYUW,(Q%, E) théa man (3.7)-(3.8).

1) Néu w € Wi (95, E) thi u théa man phuong trinh tich phan sau
u(t,z) = P(t, ) &FF I, f(t,z, u(t, x)) vdi moi (t,z) € Q. (3.9)

2) Néu u € Wa(Q, E) thi u théa man phuong trinh tich phan sau
u(t,z) = (t,x) O (—1)§L23+f(t,x,u(t,x)) vdi moi (t,x) € Q5. (3.10)

Trong dé (t,x) = n2(z) ® [n1(t) ©1 m(0)], (t,z) € Q5.
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Chiing minh. Gia st u(t,z) la mot nghiém cia bai toan (3.7) - (3.8). T Dinh
nghia 3.3, ta ¢6
I@LIé;q(Dmu(t,x)) — f(t,z,u(t,z)), véi (t,z) € Qb k =1,2.
Vi f € C(% x C(Q%, E), E) nén tich phan I@Lf&f(t,x,u(t,x)) ton tai va
RL74, I@Lléjq(Dmu(t, a:)) = BLTY, f(t, 2, u(t, 7)),

0

Ap dung Menh dé 3.1, ta c6 BT}, (Dtxu(t,m)> = BLTL, f(t, 2, u(t, x)). Dieu

nay suy ra
t T
/ / Dy.u(s,z)dzds = FFTI, f(t,z,u(t, ) véi moi (¢, z) € QF.
0o Jo
Chitng minh tuong ty Ménh dé 2.1 ta nhan dude diéu phai chitng minh. [

Dinh nghia 3.4. Ham u € C(Q%, E) dugde goi 1a

1) nghiém tich phan kiéu 1 cfia bai toan (3.7)-(3.8) néu né thoéa man phuong
trinh tich phan (3.9),

2) nghiém tich phan kiéu 2 ctia bai toan (3.7)-(3.8) néu né thda man phuong
trinh tich phan (3.10).

3.2.2. Tinh giai dudc cua bai toan

Véi gid thiét ham vé phai f théa man diéu kién Lipschitz, bang cich st
dung Nguyeén 1y anh xa co Banach, chting t6i nhan dugc sy ton tai va duy nhat
nghiém tich phan kiéu 1 ctia bai toan (3.7)-(3.8) trong dinh ly sau.

Dinh 1i 3.1. Gid st ham f € C(Q% x C(Q4, E), E) théa man diéu kién

Lipschitz theo bién thi ba, tic la ton tai so thuc duong L sao cho

doo(f<t7m7¢l)7 f(t7$7¢2)) < Ldoo(¢ly¢2) (311)

vdi moi ¢y, 2 € C(Q%, E), (t,x) € Q4. Khi dé, bai todin (3.7)-(3.8) c6 duy

nhat nghiém tich phan kiéu 1 tren Q5.
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Chitng minh. Xét trén C(Q%, E) metric d, xac dinh béi

d-(u,v) = sup {t”x”doo(u(t,x),v(t,:c))}, r=(ry,r2), 1,72 > 0.
(t,z)€Q},

Ta c6 (C(Q4., E), d,) 1a khong gian metric day dt. Véi u € (C(Q5, E), d,.), dat
Pi(u(t,z)) = ¢(t,z) & FFIL, f(t,z, u(t,x)) v6i moi (t,z) € Q.

Tit B dé 1.5, ta suy ra Piu € (C(Q%, E),d,). Ta sé chiing minh P; c¢6 diém
bat dong duy nhét trong (C(Q%, E), d,-). That vay, tit tinh chét i) ctia metric
d~ trong Ménh dé 1.3, ta c6

doo (Pru(t, x), Piv(t,z))

< do (RLIq+f(t v u(t, 7)), BETL, f(t, 2,0, 7))

g // Y1 — 2)2 7 Ld o (u(s, 2), v(s, 2))dzds
I'(q1)T'(g2)

S—d U, v / t—g) N lgn— 1ds/ x— )22 1,
T()T(g) '~ o(t:7) 0( ) 0 ( )

LF(Q1)F(Q2) 2g1—1..2go—1
t q1 q2 d _ .
= T(2q1)0(242) o 1—q(t,0)
Bat dang thitc nay tuong duong véi

Ltz (q1)I(g2)
F(2Q1)F(2Q2)

Tiép theo, véi méi n € N,n > 2, ta xay dung phép toan PJ* nhu sau

tlmtgl=a2q_ (Pyu, Piv) < di—q(u,v). (3.12)

PP (u(t,x)) = Py (P Y (u(t,z))) véimoi (¢,z) € Q5.

St dung phuong phap quy nap toan hoc, ta chiitng minh danh gia

Ltmh-l-(h—1xnCI2+CI2—1F(q1)F(q2)
I'((n+1)g)I'((n + 1)g2)

ding v6i moi u,v € (C(Q%, E),d,), n € Nyn > 2.
That vay, khi n = 2, ta thay (3.13) dung. Gia st rang (3.13) ding véi n = k.

di—q(u,v) (3.13)

doo (P{u(t, x), Plv(t, z)) <

Khi do, véin =k + 1, ta co

doo (P u(t, ), PP o (t, 2)) = doo (PL(PFu)(t, z), PL(Pfv)(t, )
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< dOO(RLI‘I+f(t z, Pfu(t, @), FFIE, f(t, 2, Pfo(t,2)))
ql q2 / / CI1 1 Z)Q2_ldoo (PIkU(S, Z), Plkv(,g, Z))) dzds

T gid thiét quy nap ta dudgc

doo (PFTu(t, z), PP (t, z))

Lk+1t(k+2)q1—1x(k+2)QQ—l
< dy—o(u,v)B(qu, (k + 1)q1)B(ga, (k + 1
= TG+ D0l ((h + D) ot 0Pl (b5 Va) Bl (B ee)

LFF1(k+2)a1=15(k+2)02 =17 (¢ )T (o)
<
= L((k+2)q)T((k + 2)q2)

d1—q(u,v) (3.14)

Do d6, (3.13) dtng véi n = k + 1. Bat dang thitc duge chiitng minh.

Tiép tuc, ta nhan ci hai vé clia bat ding thitc (3.13) véi t1 4zl ~% ta duge

Lt ™21 (q1)1 (g2)
(n+1)g)l'((n + 1)g2)

timagl=aq_ (Pru(t,x), Plou(t, z)) < T di—q(u,v).

Diéu nay suy ra

Lnanl bHQQF(ql)F(QQ)
I'((n+1)g)l'((n +1)g2)

di—q(Pl'u, Pi'v) < d1—q(u, v) (3.15)

v6i moi n € N,n > 2. Mat khac, vi

) (LTQIbQQ)n B
A T T Da T+ D) (3.16)

nén P 1a mot anh xa co khi n di 16n. Nhu vay, ton tai duy nhat u € C(Q%, E)
théa man phuong trinh (3.9). Dinh 1y dugce ching minh. O

Véi moi (¢,x) € Q5. ta ki hisu
FIu)(t, ) = ¥(t, @) Oy (~1)FTL f(t 2, u(t, @)

va CJ(Q, E) = {u € (C(Q%, E),d,) : F]"[u](t,x) € E, (t,x) € Q4 }.
Sy ton tai duy nhat nghiém tich phan kiéu 2 ctia bai toan (3.7) - (3.8) duoc

chiing t6i chiing minh cu thé trong dinh 1y sau.
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Dinh 1i 3.2. Gid st ham f € C(Q% x C(Q4, E), E) théa man diéu kién
Lipschitz (3.11). Hon nia, ta gid su

i) CL(Q, E) #0 va

i) néu u € CJ(Q, E) thy F)[u](t,z) € CL(Q4,, E) vdi moi (t,z) € Q..

Khi dé, bai todn (3.7)-(3.8) c6 duy nhat nghiém tich phan kiéu 2 tren ..

Chitng minh. Vi C’f;(QbT, E) # () nén ton tai u € C’i(QbT, E). Tt gi& thiét ta co
Fqlf)’q[u](t,x) € C’i(QbT,E) v6i moi (t,z) € Q4. Xét 4nh xa Ps : C';Z(Q%,E) —
CJ (9, E) cho béi

Po(ult, 2)) = ¥(t,2) ©n (—DEVTL, £(t, 0, ult, 1)), (1) € .
T tinh chat 4v) clia metric d, trong Ménh dé 1.3, ta c6 danh gia
dOO(P2u(t> .Z'), P2U(t7 $)) < dOO(gLIg-i- f(t? L, u(tv :)3)), ]F%ng-i- f(ta xz, U(ta 33)))

Lap luan tuong tu nhu trong chiing minh bat dang thitc (3.12) ta dugc

Lt 22D (q1)I(g2)

ti-tgl=2d_ (Pyu, Pyv) < di—q(u,v).

St dung phuong phap quy nap, ta xay dung day cac phép toan {P3'}, -, xac
dinh bdéi

Py (u(t,x)) = Po(Py~t(u(t,x))) véi moi (t,z) € Q.

Dung cach lap luan tuong tu cho (3.14) va (3.15), ta dugc

Lnanl banF(q1)F(q2) . .

di—q(PJu, Pyv) < di_q(u,v) v6i moin € N.
B ) S R D0+ g
Béi (3.16) ta suy ra P3' 1a anh xa co v6i n du 16n. Mit khac, ching minh tuong
tur Bo dé 2.2, ta c6 (C’i(QbT, E),d,) 1a mot khong gian metric day du. Do do,

P, c6 duy nhat diém bat dong. Dinh 1y duge ching minh. O

Khi ham vé phai f khong théa man diéu kién Lipschitz, st dung Dinh 1y
1.9, dinh Iy diém bat dong Schauder cho khong gian metric nita tuyén tinh
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C(Q5., E.), chiing t6i chitng minh sy ton tai nghiem ctia bai toan (3.7) - (3.8)
v6i cac gid thiét

(G1) Ton tai R > 0 sao cho ham f : Q% x B(0, R) — E, la compact, trong
do B(0,R) = {u € C(Q%,E.) : H(u,0) < R} va 0 € C(Q%, E,) dugc xac dinh
béi 0(t, z) = 0.

(G2) 1 ¢6 gia compact va duo (Y (¢, x),0) <

? i moi (¢,z) € Q.

Két qua dude ching minh chi tiét trong dinh 1y sau.

Dinh 1i 3.3. Gid st cdc gid thiét (G1) - (Ga) ding. Khi dé, bai todn (3.7)-
(3.8) c6 it nhat mot nghiém tich phan kiéu 1 tren QY. Hon nia, néu Ci(ﬂ%, E)
# () va vdi moi u € Ci(Ql:’F,E), Fj’q[u](t,x) € Cj;(QbT,E) vdi moi (t,z) € Q5.
thi bai todn (3.7)- (3.8) 6 it nhat mot nghiém tich phan kiéu 2 tréen Q..

Chimg minh. Ta c6 B(0,R) la tap con 16i, déng, bi chin, khac réng ciia
C(Q%., E.). Vi u € C(Q%, E.), dit Psu(t,z) = ¢(t, x) ®FL T, f(t, z, u(t, z)),
(t,x) € Q%. Vi f: Q% x B(0,R) — E. la compact nén f bi chan. Dt

MO - sup H(f(uxagp)?())
(t,z,0)€Q8 xB(0,R)

Khi do, vi T 13 da thitc s6 mil duong nén ton tai 77 > 0 sao cho

MTEbE R
(g1 +1)(g2+1) — 2°

Dat T, = min{T, T3} ta co

T+ Dl(gz + 1) =

MoT be2 R
0 > (3.17)

Ki higu Q. = [0,T%]x[0,0] C Q4 va B.(0,R) = {u € C(Q, E.) : H(u,0) < R}.
Véi mbi u € B, (0, R), ta c6
doo (Psu(t, 2),0) < doo (¢(t, ), 0) + doo (FU T f(t, 3, u(t, 7)), 0)

< doo ((t, ),0) + F(ql)F ) //(t )Nz — 2)2 N dzds.
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Do do, ta suy ra
MyT bl
I'(g1 + 1) (g2 + 1)

doo (Psu(t, z),0) < doo (V(t, x),0) +

v6i moi (t,2) € Q. Tit (3.17) va vi doo (¥(t, z),0) < g, ta c6 H(Psu,0) < R.
Diéu nay c6 nghia la Ps(u) € B, (0, R).

Gia st u, — u trong B, (0, R). Tit tinh chit ciia metric do, trong Ménh dé
1.3, ta co

doo (P3uy (t, x) Psu(t,z)) < ds (RLIq+f(t T, un(t, 7)), 5 R_L Ig+f(t,a:,u(t,x)))

/ / t— 8 Q1 1 Z)q2_1><
Q1 Q2

sup doo (f(5,2,un(s, 2)), f(5,2,u(s, 2)))dzds.
(s,2)€[0,t]x[0,z]

Khi do

doo (P3uy (t, ), Pyu(t, x))
tfh xQz

< (g1 + 1) (g2 + 1) " :E)E[Soujl?] 0 doo (f(t, x, un(t,x)), f(t, z,ul(t, x)))

Ta1 a2
< sup doo (f(t, 2, upn(t,x)), f(t,z,u(t,x))).
(g1 + DI(g2 + 1) (t.2)e0,7]x [0, (e (t,), 1 (t.2)))

Vi f lién tuc nén sup doo (f(t,x,un(t,a:)),f(t,:c,u(t, :L'))) "3 0. Do
(t,2)€[0,T%[0,b]

do, Ps lién tuc.

Tiép theo, ta ching minh P3(B, (0, R)) la compact tuong déi trong C'(£.,
E.). Dé chiitng minh diéu nay, theo Dinh 1y 1.8, ta can chiing minh hai phan
Phan 1. P3(B,(0,R)) 14 tap con dong lien tuc cta C(€,, E.).

Cé dinh (t1,71), (t2,x2) € Q4 sao cho t; < to,r1 < T2 VA U € B*(G,R), ta co

doo (P3u(t2, x2), Psu(ti, ©1)) < deo[th(te, 22),¥(t1, 21)]

+d ( BUTEL fta, w2, ulte, w2)), 55 T, f(ty, 1, ulty, 551)))- (3.18)
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Mat khac, ta lai c6

doo ( FEIL fta, xa, ulta, 22)), 50 T, f(t1, 21, u(ty, 361)))

: W%(/otl /f(tz — )@y — 2)% L f(s, 2, u(s, 2))dzds,

/tl /wl(tl — s)ql_l(xl — z)qz_lf(s,z,u(s, z))dzds)
o Jo
Ny ; |t =9 s = 2 s s, ) s, )
t1 0
i ’ [t e = 2 s, ) s, )
0 X1
+ doo(/t2 /M (ty — 8) 1wy — z)quf(s,z,u(s,z))dzds,()).
tl X1

Vi f bi chan nén ta c6 danh gia

doo ( BUTLL f(te, ma,ulte, m2)), B I, f(ty, @1, u(ty, 901)))
My
<
(g1 + 1)I'(g2 + 1)

ltglx? g xﬂ (3.19)
Két hop (3.18) va (3.19), ta thay rang khi cho (t1,21) — (t2,22) thi
doo(Pgu(ﬁQ, LUQ), P3u<t1, .7}1)) — 0

v6i moi u € B(0, R). Do dé, P3(B(0, R)) la dong lien tuc trén C(1,, E,).
Phan 2. P3(B(0, R))(t,z) 1a compact tuong doi trong E.. Theo Dinh Iy 1.5,
ta phai ching minh hai diéu kién sau

a. P3(B(0, R))(t, ) 1a dong lien tuc miec.

b. P;(B(0, R))(t,x) 14 tap con gia compact ctia E..

That vay, c¢6 dinh (t,2) € Q.. Ta thay P;(B(0,R))(t,z) € E. vh néu
v € P3(B(0,R))(t,z) thi v = ¢(t, z) SR T, f(t,z,u(t,x)) véi u € B(0, R).
Véi mbi (t,z) € Q., ta gid st m la s duong sao cho mt?1z% < % Vi f la
compact nén f(Q% x B(0, R)) 14 compact tuong déi trong E.. Tit Nhan xét
1.2, ta suy ra f(Q% x B(0, R)) c6 gia compact va dong lien tuc miic. Khi do,
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v6i mdi € > 0, ton tai d > 0 sao cho véi «, 8 € [0, 1] thoa man | — 8| < § thi

dH([f(t’ Ly u(t7 x))]av [f(tha U(t7x))],8) < F(Q1 + 1)F(Q2 + 1)m5

@)

va dy ([W(t, )], [t 2)]P) < = véi moi (t,2) € Q..
Do do, khi |a — 8] < 6, ta ¢

\}

d ([V]*, []°) = dr([Psu(t,2)]*, [Psu(t, 2)]°)
S dH([¢(t7 x)]a7 [¢(t7 x)]ﬁ)

’ mdﬁl /t /w(t_ )" Hw =) (s, 2, u(s, ))dzdS]a,

// ya1=1( z)q2_1f(s,z,u(s,z))dzdsr>

— + mthax®e =¢. (3.20)

[\

Do dé, P3(B(0, R))(t,z) la dong lien tuc miic trong E...

Véi méi (t,z) € Q., ta co
0
W(t,z) ® / / Y1z — 2)2 7 f(s, 2, u(s, z))dzds]

= [v(t, 9:)]0 + / (t — 8)" " f (s, 2, u(s, 2))]%ds /Ox(m _ el

F(QI)F((D)
Vi v ¢6 gia compact, ton tai tap con compact K; C R sao cho [¢(t,7)]° C K;.

Hon nita, vi f(Q% x B(0, R)) c6 gid compact, ta gia st ring ton tai Ko C R
sao cho [f(t,m,u(t,x))]o C K». Khi do, ta c6

Y(t,x) @ (0T (2) // (t — )1 z)QQ_lf(s,z,u(s,z))dzds]o

Kth1$q2
D(gn + )T (g2 + 1)

C Ki+ (x —2)2~ ldz = Ky +

m/o

Dic¢u nay nghia 1a ton tai mot tap compact Ky C R sao cho

bt z) ® // yai—1( z>qz—1f(s,z,u(s,z))dzds]ogKO.

hay Ps (B(O R))(t ) ¢6 gia compact v6i méi (¢, z) € Q.. Do d6, Ps la compact.
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Theo Dinh 1y 1.9, Ps ¢6 it nhit mot diém bat dong u trong B(0, R) va u
la nghiem tich phan kiéu 1 ciia bai toan.

Véi gia thist CJ(Q4, E.) # 0 nen véi u € CL(Q4, E.), FI[u](t,z) €
CJ (9, E) voi moi (t,z) € Q. Do d6, ta xac dinh duge anh xa Py béi:

P4(u(tv :E)) = ¢(t7 l‘) ©H (_1)§ng+f(t7x7 u(t7$))

v6i moi (t,z) € Q4. Tiép tuc st dung Ménh dé 1.3 va lap lai cac bude ching
minh nhu déi v6i Ps ta dude Py 14 compact va theo Dinh 1y 1.9, P, c6 it nhat
mot diém bat dong u trong B(0, R) va v la nghiém tich phan kiéu 2 ctia bai
toan. Dinh Iy dugc chitng minh. O

3.3. Bai toan bién dbéi véi phuong trinh dao ham riéng mé& dang

hyperbolic bac phan s6 trén mién vé han
3.3.1. Dat bai toan
Xét phuong trinh dao ham rieng md dang hyperbolic bac phan sb6
gHun(t,x) = f(t,z,u(t,x)), Q% =[0,00) x [0, ] (3.21)
v6i diéu kién bién dia phuong
u(t,0) = (t), t €10,00), u(0,x) =mn2(x), z € [0,0] (3.22)

trong do f: Q% x C(Q4,,E) = E, m € C([0,0),E), n2 € C([0,b], E) 1a cac
ham cho trude sao cho cac hieu n; (t) &g u(0,0),nm2(x) S w(0,0) ton tai véi
t € [0,00),z € [0,b] va n1(0) = n2(0) = u(0,0).

Meénh deé sau duge chung t6i chitng minh tuong tu nhu Ménh deé 3.2:
Ménh dé 3.3. Gid st u(.,.) € Wi(Qb, E) UWa(Q8,E) théa man (3.21)-
(3.22).

1) Néu u € Wi(Q8,, E) thi u théa man phuong trinh tich phan

u(t,z) = p(t, ) &EL T, f(t,z,u(t,x)) vdi moi (t,z) € Q. (3.23)
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2) Néu u € Wy(Q2, E) thi u théa man phuong trinh tich phan
u(t,z) = ¢(t,z) o (—1)E T f(t,z, ult,x)) vdi moi (t,z) € Qb . (3.24)
Trong dé ¢(t,x) = na(x) & [m(t) ©u 71 (0)], (¢, z) € Q.

Dinh nghia 3.5. Ham u € C(Q°, E) dugc goi 1a

1) nghiém tich phan kiéu 1 clia bai toan (3.21)- (3.22) néu n6é théa man phuong
trinh tich phan (3.23).

2) nghiém tich phan kiéu 2 ctia bai toan (3.21)- (3.22) néu né théa man phuong
trinh tich phan (3.24).

3.3.2. Tinh giai dudc cua bai toan

Dé chitng minh tinh gidi dugc clia bai toan (3.21)-(3.22) ta gid sit ¢6 céc
gia thiét sau.

(Gg) Ham f: Q% x C(Qb, , F) — FE thoa méan diéu kién Lipschitz

dm(f(t7x7¢1)v f(tax7¢2)) < Ld00(¢1)¢2)

v6i moi (t,z) € Q% ¢1,¢2 € C(Q2, E).

(G4) Ton tai cac s6 thyc duong My, cq sao cho
doo (f(t,2,0),0) < Mye™t, (t,z) € Q.
(Gs) Véi moi (t,x) € Q8 , ton tai cac s6 thie duong My, Mg va cs sao cho

dOO(nl(t)aﬁ) < M5605t7 dOO(UQ(:E)?O) < Ms.

V6i mdi f > 0, xét khong gian C(Q%,, E) cac ham u € C(Q), E) véi

metric Hg(u,v) xéc dinh béi:

HY(wv) = sup {due(u(t,2), o(t, 1))}
(t,z)eQl,
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sao cho  sup {deo(u(t,x),0)e Pt} < 0.
(t,x)€QL,

Chiing minh tuong ty Bo dé 2.3, ta duge (Cg°(Q2,, E), Hj) la khong gian

metric day da v6i méi s6 thye 8 > 0.

Dinh 1i 3.4. Gid st f € C(Qb, x C(Qb,, E),E) va cdc gia thiét (Gz) — (Gs)
dugc théa mén. Khi dé, ton tai nghiém tich phan kiéu 1 cia bai todn (3.21)-
(3.22) tren Q8 va nghiem nay la duy nhat trong khong gian C’EO(QZO, E), vdi
6 >0 du lon.

Chitng minh. V6i u € C3°(Q%,, E), ta dat
Ps(u(t,x)) = ¢(t,z) &FF I, f(t,z, u(t, 2)), (t,z) € Qe.
Viue CEO(QZO, E) nén ton tai pp > 0 sao cho
doo (u(t, z),0) < poe”',V (t,2) € Quo.
Két hop véi dieu kien (Gs) va (G4), ta duge

doo (f(t,2,u(t, 7)), 0) < deo (f(t, 2, ult, x), f(t,2,0)) + doo (f (¢, ,0),0)
< LpoePt + Myet.

Véi moi B > ¢y > 0, ta ¢o
doo (RLIq+f(t z,u(t,z)),0)
/ / 0@ — 2) = ((s, 2, uls, 2)), 0)dzds
Q1 (q2)
/ / YL z)qu[Lpoe’BS +M4ec4s}dsdz
['(q1)T(q2)

S Lp0+M4 // Y1 z)queﬂsdsdz.

Ap dung B6 dé 3.1, ta dugc

dOO (};LI& f(t7 L, U(t, CL’)), 0) < (LPO + M4)G(67 b7 qi1, q2)eﬂt' (325)



82
Néu 8 > max{cyg, c5} thi tix gid thiét (Gs) va (3.25), ta ¢6

doo (Psu(t, z),0)e 7" < 2Ms5el™ =P 4 Mge™P" + (Lpo + M4)G(8,b,q1, 2)
< 2Mp5 + Mg+ (Lpo + M4)G(B, b, q1,q2) < 00 (3.26)
voi moi (¢, 2) € Quo. Diéu nay ching t6 Ps(u) € C’go(ﬂgo, E).

V6i moi u, v € CF° (2, E), tit B6 dé 3.1 va vi f thoa man diéu kien (Gs),

ta ¢o

doo (Psu(t, z),Psv(t, ) < doo (FVTE, f(t, 2, ult, ), FH T2, f(t, 2, 0(t, 2)))

L t X
< ———H%u,v / / t— )0 Yz — 2)2 1P dsdz
~ T(q1)T(g2) sluv) 0o Jo ( o )
< LG(Baba Q17QQ)Hg(u7v)e,Bt' (327)

Vay Hg(P5u,P5v) < LG(B, b, ql,qg)Hg(u,v). Dat
Bo :=1inf {8 > 0 sao cho LG(B,b,q1,q2) < 1} (3.28)

va 81 = max {So, ¢4, c5 }. Khi d6, néu ta chon 8 > 31 dulén thi LG(B, b, q1,q2) <
1. Do d6, Ps 1a mot 4nh xa co, theo Dinh 1y 1.7, ton tai duy nhat ham ms u
xac dinh tréen Q% thoéa man phuong trinh (3.23), nén né 1a nghiém tich phan
ki¢u 1 ctia bai toan (3.21) - (3.22) trén Q% . Dinh ly dugc chitng minh. O

Vé6i moi § > 0, ta xét khong gian
Ol (%, B) = {u € O (%, E) : F][u](t,x) € E, (t,z) € Q’;O}.

Khi d6, dé chitng minh sy ton tai nghiém tich phan kiéu 2 ctia bai toan, ta
gia thiét
(Go) C3%/ (98, E) # 0 vanéu u € C3%/ (94, E) thi
Flul(t,z) € C5H (8, B), V(t,z) € Q%

Dinh 1i 3.5. Gid st f € C(Q°, x C(Q4,, E), E) va cdc gid thiét (Gz) — (Gs),

(Go) dugc théa man. Khi dé, ton tai nghiem tich phan kiéu 2 cia bai todn
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(3.21)-(3.22) tréen Q2 va nghiém nay la duy nhadt trong khong gian C’Ei’pf(ﬂgo, E),

vai B> 0 du lon.
Chiing minh. Xét anh xa Ps : C3 (4, E) — C3/ (4., E) cho béi
Po(u(t, x)) = ¢(t, ) Om (=1)F L5, f(t, z, ult, x)).
Ching minh tuong ty (3.27), ta c6
doo(Pou(t, z), Psv(t,z)) < LG(B,b,q1,q2) HY(u,v)e’.

Diéu nay suy ra Hg(Pgu, Psv) < LG(B,b, ql,qg)Hg(u, v). Vi § > (1 nén ta
c6 LG(B,b,q1,q2) < 1. Do d6, Ps 1a mot anh xa co. Mat khac, ching minh
tuwong ty Bo dé 2.2, ta c6 (C’;f’z’l}f(ﬂgo,E),Hg) 12 mot khong gian metric day
diit v6i mdi s6 thie duong 5. Theo Dinh 1y 1.7, Ps c¢6 duy nhat diém bat dong
u € C’;’Oz’pf(ng, E). Dinh 1y dugc chitng minh. O

3.4. Mot s6 vi du minh hoa
Vi du 3.5. Xét phuong trinh dao ham riéng md dang hyperbolic bac phan s
gHun(t,x) = g(t,x)u(t,xz) ® h(t,z), (t,x) € Q% =1[0,T] % [0,b], (3.29)
v6i dieu kién bién dia phuong
u(t,0) = u(0,z) = u(0,0) = 2C, (t,z) € Q4 (3.30)
trong do g(t,x), h(t,z) 1a cac ham da thic, ¢ € [0,1) x [0,1), C 1a mot s6 mo.
Dat f(t,x,u(t,x)) = g(t,z)u(t,x) ® h(t,x). Véi moi (t,x) € Q4. ta c6

doo(f(t,a:,u(t,a?)),f(t,x,v(t,a:)))S max |g(t,)|deo (u(t, x),v(t, z)).

(t,z)€Q},

Vay ham f théa méan dieu kién (3.11) v6i hang so Lipschitz L = max |g(t, z)|.
(t,x)eQs

Theo Dinh 1y 3.1, bai toan (3.29) - (3.30) c6 duy nhat nghiem tich phan kiéu
1 trong (C(Q%, E),d,).
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2 1 9 11 9 4 4
V6ig=-T=1,b=—, g(t = — t3xs, h(t = — tsxsC
lq 37 ) 279( 7{’[") 21—\2(%) 33:37 (71') 2:[\2(%) 3xs
Khi do . .
9 1 9tsxs
flt,z,u(t,z)) = — tsx3u(t,x)
2I2(3) 2I2(3)
< ) 9
Ta ¢6 hang so Lipschitz L = ————, ¥(t,x) = 2C va len[y(t,x)]|* =
¢ 56 Lip sy Y (t,)

2len[C]?, (t,x) € Q5.
Mat khéc, dé kiém tra dudc rang u(t,z) = c¢(2 — tz) 1a mot nghiém cb dién

cua bal toan

tut,2) = — 2 ihbu(te) - 25y eal - L
“Dtu(t,2) = ~ gyt Hetult )~ jparres (02) €0f = [0,1)x 0,5
u(t, 0) = u(0,2) = u(0,0) = 2¢, ¢ € [0,1],2 € [0, %].

Stt dung luge do ctia Buckley - Feuring (xem [16]), bang cdch md héa nghiem
co dién dua trén Nguyén ly suy rong Zadeh (Dinh nghia 1.2, trang 17), ta
tim dugc nghiém mo ctia bai toan (3.29)-(3.30) la u(t,z) = (2 — tx)C véi
(t,x) € Q% Dat ng = 91 Khi d6, ta c¢6

I2(3)

(—DEETS f (b2t )]

// (t —s) %.’L‘—Z)_

W=
W[

s z%u(s, z)dzds]a

/ / (t —s) B m—z)_ésgngdzds}a
B no[u]at:c 2,4, | nolCltPa? 5 7
=——T (S)Jr—8 r (3) (3.31)
Do dé
len[(—1)REZS, F(t, 2, u(t, ;c))r
ofmo(2 —tx)te _, 4. mnot?z?_, 7
= len[C) [T o 0y MO

< len|C]° (1 1—18):31671[0]&. (3.32)
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Diéu nay c6 nghia len[y(t, z)]* > len (—1)§LI§+f(t, x,u(t,x)) ® Theo Ménh
de 1.1, ta thay hieu ¥ (t,x) ©g (—1)§LI§+f(t,:c,u(t, r)) ton tai.

Dit v(t,x) = U(t,2) Sy (—~1)BETE, f(t,z,u(t,z)), (t,z) € Q7. Lap luan
tuong tu nhu (3.31), ta duge

(DFFT vt = S 4 2D

Diéu nay kéo theo

2 o 2
len [(—1)§LIO3+f(t, x, V(t,[lf))] < Exlen[u]o‘ + §t2x2len[C]o‘
= ZlenlC] {2 S gt } + 5ta%len]C]
t N 22 2 5 5 N
= Slen[Cl* (2= to + = ) + 5%a’len|C]

1 1 5
< - _ « — _ oz.
< (2 + 18)len[C’] glen[C’]

1 2 .

Nhu vay, v6i moi (t,z) € QF, hieu ¢(t,z) o (—1)FFIZ, f(t, x,v(t,)) ton tai.

Do do, trong truong hop nay, bai toan (3.29) - (3.30) ¢6 duy nhat nghiem tich
1

phan kiéu 2 trong C(Q3, E).

Vi du 3.6. Xét phuong trinh dao ham riéng md dang hyperbolic bac phan s6
CyDiu(z,y) = ayC, (z,y) € Q1 =1[0,1] x [0,1] (3.33)

v6i dieéu kién bien dia phuong
u(z,0) = zC, = € [0,1],u(0,y) = yC, y € [0,1], u(0,0) =0 (3.34)

trong do C' = (1,2, 3).

V6i (z,y) € Qf, tadat f(z,y,u(z,y)) = (zy, 22y, 3xy). Chon R = M
Dé thay f: Q1 x B(0,R) — E,. 13 anh xa compact. Hon nita, ta c6 ¢(z,y) =
(x +y)C va ELIO%JFf(x,y,u(x,y)) = ?—gxgyga Diéu nay suy ra [¢(z,y)]® =
(x+y)a+1,3—a] va

(OB fyulw )] = [~ ooyt (3 - a), Tatyi ot 1)
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Khi do, ta c¢6 len[t(z,y)]* = (x + y)(2 — 2a) va

L o 9T s s
len[(=1)#" T3, f(x, y, u(z,y))]* = 1—6353@/3 (2 - 2a).

Do do, len[¢(z,y)]* > len[(=1)FET3 f(x,y, u(z,y))]*, (z,y) € Q. Vay hieu
Hukuhara ¢(z,y) &g (—1)§LI§+f(az,y,u(:C,y)) ton tai véi moi (z,y) € Q1.

Tuong ty, ching ta ciing chi ra ton tai hiéu

W(x,y) On (—V)EET2, f(2,y,v(z,y)),

trong dé v(z,y) = ¥(z,y) O (—1)§LI§+f(x,y,u(x,y)), (z,y) € Q. T cac
nhan xét trén, ching ta thiy ring cac gid thiét ctia Dinh 1y 3.3 dugc théa
mén, do d6 bai toan (3.33)-(3.34) c¢6 it nhat mot nghieém tich phan kiéu 2 tren
Q. C .

Vi du 3.7. Xét phuong trinh dao ham riéng md dang hyperbolic bac phan s6
C Diuft,x) = %e%“u(t,x), (t2) € Q2 = [0,400) x [0,2]  (3.35)
v6i dieu kién bién dia phuong
u(t,0) = H%C,t € [0,400), u(0,z) =C,x € [0,2], (3.36)
trong d6 ¢ = (q1,q2) € [0,1) x [0,1), C' 14 mot s6 mo.

1 . s N
bat f(t,xz,u(t,x)) = ge%“u(t,x), (t,x) € Q2. D& thay, f thoa man diéu
5

kien Lipschitz v6i hiang sd Lipschitz L = % va f(t,x,0) = 0. Mt khac, vi
1 .
u(t,0) = m(t) = t+—10’ u(0,x) = n2(x) = C nén cac dieu kién (G4) — (Gs)

duge thoéa man. Theo Dinh 1y 3.4, bai toan (3.35)-(3.36) ¢6 duy nhat nghiém
tich phan kiéu 1 tren Q2.
) —1
Thém vao d6, néu gid st hieu ¥ (t,z) Sy ?e%Jrlu(t, x) va

—1
v(t,z) S ?ezxﬂv(t, x)
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R -1
ton tai trong d6 v(t,z) = ¥(t,x) Oy ?e%“u(t,x) v6i moi (t,x) € Q2 thi
theo Dinh 1y 3.5, bai toan (3.35) - (3.36) c6 duy nhat nghiém tich phan kiéu 2

tren Q2.
Két luan Chuong 3

Trong chuong nay, ching téi nghién citu phuong trinh dao ham riéng mo
dang hyperbolic bac phan s6 véi diéu kién bién dia phuong. Cac két qua dat
dugc bao gom:

1) Dinh nghia dao ham bac phan s6 cho ham hai bién gia tri mo. Dya trén khai
niém dao ham Hukuhara suy rong va dinh nghia tich phan Riemann-Liouville
cho ham md, chung t6i dinh nghia dao ham gH-Caputo cho ham md dang
D, y) = I@LIoliq(Dwu(x, Y)), (z,y) € Jo cing nhiéu vi du minh hoa.
2) Chiing minh dugc sy ton tai va duy nhat nghiém ctia bai toan bién dia
phuong cho phuong trinh dao ham riéng md dang hyperbolic md bac phan s6
v6i diéu kién vé phai théa man diéu kien Lipschitz. Phuong phap sit dung 1a
nguyén 1y anh xa co Banach trong khong gian cac ham md ¢6 trong thoa man
tinh chat 13 khong gian metric day. Két qua nhan dugce trong cid mién bi chin
va mién vo han.

3) Khi vé phéai chi thoa man diéu kién bi chin ma khong thoa man dieu kien
Lipschitz, bang cach stt dung mot phién ban ctia Dinh 1y Schauder trong khong
gian metric nita tuyén tinh, chiing t6i chiing minh dudc sy ton tai clia nghiém
tich phan ctia bai toan. Cac két qua nhan dudc cho sy ton tai ca nghiém kiéu
1 va nghiém kiéu 2 (ban kinh tap mitc giadm) trén mién bi chan.

T nhitng két qua nay, ching toi c6 thé c6 nhitng két qua nghién cttu sau
hon vé cac tinh chat dinh tinh ctia nghiém khi bién thoi gian tién ra vo han

(trong chuong 4).
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Chuong 4

MOT SO TiNH CHAT DINH TiNH CUA NGHIEM CUA
PHUGNG TRINH DAO HAM RIENG MO DANG
HYPERBOLIC BAC PHAN SO

Khong giéng nhu tinh én dinh thoéng thuong, én dinh Ulam c6é thé dam
bao sit ton tai va tinh duy nhat clia nghiém, mién 14 c6 mot nghiém xap xi
v6i sai s6 xac dinh cho truée. Do vay, on dinh Ulam khoéng chi thiét lap nén
tang quan trong cho sy ton tai va duy nhat nghiém ctia phuong trinh vi phan
ma con cung cap co sé 1y thuyét cho viéc gidi xap xi phuong trinh vi phan.
Obloza [48] 1 tac gid dau tién nghién citu tinh 6n dinh Ulam ctia phuong trinh
vi phan tuyén tinh. Sau d6, mot sd nha toan hoc da nghién ctu tinh 6n dinh
Ulam ctia nhiéu loai phuong trinh vi phan va phuong trinh dao ham riéng theo
cac cach tiép can khac nhau [2, 58]. Tuy nhién, c6 rat it két qua vé sit on dinh
ctia Ulam d6i v6i phuong trinh vi phan chita yéu t6 mo. Cho dén nay, tat ca
cac két qua hién c6 duge nghién cttu bdi Shen va Wang [54, 55].

Trong chuong nay, dua trén cic két qua dat dudc chuong 3, ching toi
nghién cttu mot s6 tinh chat dinh tinh ctia nghiém ctia phuong trinh dao ham
rieng m& dang hyperbolic bac phan sé. Két qua dau tién vé tinh 6n dinh Ulam,
bao gdm on dinh Hyers-Ulam va 6n dinh Hyers-Ulam-Rassias duéi tinh kha, vi
Hukuhara suy rong, dugc thé hien trong cac Dinh 1y 4.1 va 4.2.

Bén canh d6, nam 1997, Ding va Kandel [23] ciing da dua ra nghién citu
md dau vé tinh on dinh ctia phuong trinh vi phan ms. Sau d6, Diamond [21]
da nghién ctu tinh o6n dinh Lyapunov ctia phuong trinh vi phan md bang cach

st dung phuong phap bao ham thitc vi phan. Cecconello va cong sy [17, 19|
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nghién citu dang diéu tiém can clia cac nghiém mad bang cach st dung nguyén
ly suy rong Zadeh. Trong [18], Cecconello da thiét 1ap cac diéu kién cho sy ton
tai va tinh on dinh ctia cac tap bat bién déi véi cac he dong luc trén khong
gian md. Céc két qua duge trinh bay trong [18] 1 syt tong quét vé sit ton tai va
tinh én dinh clia diém can bang va tinh tuan hoan ctia cac nghiém ctia phuong
trinh vi phan md. Mizukoshi v& cic cong sy [43] ciing da nghién ctu tinh on
dinh ctia hé dong lyc mao.

Khi nghién cttu dang diéu tiém can ctia nghiém cta hé dong lyc duge minh
hoa béi phuong trinh dao ham riéng, mot van dé quan trong la tinh 6n dinh
clia nghiém gan t6i diém can bang. Theo ¥ nghia vat 1§, néu cac nghiém chuyén
dong & rat gan diém can bang ug va 6 gan diém can bang ug mai thi ug 1a 6n
dinh Lyapunov. Do d6, két qua thit hai trong chuong nay, ching toi chi ra diéu
kien dé diém can bing clia bai toan 1a 6n dinh. Tinh 6n dinh déi véi bién thoi
gian ctia diém can bing khi ¢ — oo dude hiéu theo nghia on dinh Lyapunov,
két qua dugc thé hien trong Dinh 1y 4.3.

Noi dung ctia chuong dugde trinh bay diya trén bai bdo s6 4 va s6 5 trong

Danh muc cong trinh khoa hoc ctia tac gid lien quan dén luan an.
4.1. Tinh 6n dinh Ulam

Trong phan nay, chiing to6i trinh bay cac khai niém va ching minh tinh 6n

dinh Ulam cua bai toan
gCHun(t, z) = f(t,z,u(t,x)), (t,z) € Q% =1[0,00) x [0, ] (4.1)

u(t,0) =n1(t), t€0,00), u(0,x) =mn(x), x € [0, (4.2)
trong do f: Q% x C(QY,E) — E, m € C([0,0),E), n2 € C([0,b], E) 1a cac
ham cho trudc sao cho cac hieu 71(t) ©g u(0,0),n2(x) ©g u(0,0) ton tai véi
t €[0,00),z € [0,b] va n1(0) = n2(0) = u(0,0).

Céc khai niem vé nghiem tich phan clia bai toan (4.1)-(4.2) duge dinh nghia
bdi Dinh nghia 3.5 (trang 80).
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4.1.1. Tinh 6n dinh Hyers-Ulam
V6i moi € > 0, ta xét bat phuong trinh
doo(gHqu(t,:c),f(t,az,v(t,x))) <e, (t,x) € Q. (4.3)
Dinh nghia 4.1.

1) Ham v € Wy (Q%, F) dugc goi 14 mot nghiem kiéu 1 ctia bat phuong
trinh (4.3) néu ton tai ham hy € C(Q%, E) sao cho

(i) doo(hl(twr)a()) <eg, (t,x) € ng;
(ii) gCHDqU(t,x) = f(t,x,v(t,z)) ® hi(t, ), (t,x) € Q2.

2) Ham v € Wh(Q2 , E) dugc goi 1a mot nghiém kiéu 2 ciia bat phuong
trinh (4.3) néu ton tai ham hy € C(Q%, E) sao cho

(1) doo(hQ(t7x)70) <eg, (t,:c) € nga
(11) gHDqU<t,$) - f(t, .I', U(t, J:)) @ h2(t’ aj)7 (t7 x) c ng
Ménh dé 4.1.

1) Néu v la mot nghiem kiéu 1 cia bat phuong trinh (4.3) thi v théa man
bat phuwong trinh tich phan

I'(g1 + 1)I'(g2 + 1)doo (v(t, 2),0(t,0) @ v(0,2) &5 v(0,0)

SEF T, f(t,z,v(t, 1)) <etPa®  (4.4)
vdi moi (t,xz) € Q2.

2) Néu v la mot nghiem kiéu 2 clia bat phuwong trinh (4.3) thi v théa man
bat phuong trinh tich phan

I(g1 + 1)I(g2 + 1)doo (v(t, ), v(¢,0) ® v(0,z) ©p v(0,0)

SH (—l)gLIngf(t,a:,v(t,x))) < et g (4.5)

vdi moi (t,x) € QZ.
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Ching minh.
(1) Gia st v(t,z) 13 mot nghiém kiéu 1 ctia bat phuong trinh (4.3). Khi do,
ton tai ham hy; € C(Q%, E) sao cho

gHqu(t,x) = f(t,z,v(t,x)) ® h1(t,z) (t,x) € Q’;O
Theo Dinh nghia 3.3 cua SHqu(t, x), ta co
gLIé;qufv(t, x) = f(t,z,v(t,x)) ® hi(t, x).
Do do6
RLInglI::”LIl “Digo(t,z) =f" TL [f(t,z,v(t, z)) & ha (¢, 2)).
Tt Ménh dé 3.1, ta c6
/ / D.v(s, 2)dzds = T8 [f(t,z,v(t, z)) & ha(t,2)). (4.6)
Viv € Wi (Q%, E) nén lap luan tuong tit Ménh dé 3.2, ta dugc
v(t,z) = v(t,0) ® v(0,z) O v(0,0) PEL I3 1 f(tz,u(t, @) @ ha(t,x)], (4.7)
v6i moi (¢,x) € Q2. Khi do, ta co

doo (v(t, ), v(t,0) ® v(0,z) O v(0,0) PEL I, f(t,z,o(t, x)))
< ds (RLIq hi(t,z),0)

g // Y1 Nz — 2)2 " dzds
I'(¢1)I'(g2)

tqlqu
< .
"I+ 1) (g2 + 1)

(2) Gia stt v € Wh(Q8, E) 1a mot nghiem kiéu 2 ciia bat phuong trinh (4.3).

Chiing minh tuong tu nhu trén, ta dugc

v(t,x) = v(t,0) ®v(0,2) Oy v(0,0) Ox (—1)§LI3+ [f(t,z,v(t,x)) ® ha(t,x)]
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Khi d6, ap dung Ménh dé 1.3, ta ciing c6 danh gia

doo (v(t, x),v(t,0)Bv(0,2) &5 v(0,0) Sx (—1)§LIg+f(t,m, v(t,z)))

< doo (RLI" ha(t,z),0)

S // (t — )2 Yo — 2)2 1dzds
I'(q1)I(g2)

thleQ
<
(g1 + 1) (g2 + 1)

v6i moi (t,2) € Q¥ . Ménh dé duge chiing minh. O
Dinh nghia 4.2.

1) Ham v € C(Q%, E) dugc goi 1a nghiém tich phan kiéu 1 ctia bat phuong
trinh (4.3) néu n6 thdéa man (4.4).

2) Ham v € C(QY_, E) dudc goi 1a nghiém tich phan kiéu 2 ctia bat phuong
trinh (4.3) néu n6 théa man (4.5).

Dinh nghia 4.3. Bai toan (4.1)-(4.2) dugc goi 1a 6n dinh Hyers-Ulam kiéu &
(k =1,2) néu ton tai ¢, > 0 sao cho v6i e > 0 bat ky va mdi nghiém tich phan
v kiéu k clia bat phuong trinh (4.3), ton tai mot nghiém tich phan u kiéu k
ctia bai toan (4.1)-(4.2) sao cho Hg(u, v) < ¢oE.

Dinh Ii 4.1.
1) Gid st f € C(Q8, x C(Q°,, E), E) va cdc gid thiét (Gs) — (Gsg) (trang
80) diing. Khi do, bai todn (4.1)- (4.2) la on dinh Hyers-Ulam kiéu 1.
2) Gid s f € C(Q8, x C(Qb,, ), E), cic gia thiét (Gg) — (Gs) (trang 80)
va (Go) (trang 82) dugc théa méan. Khi do, bai todn (4.1)- (4.2) la on dinh
Hyers-Ulam kiéu 2.

Chitng minh. Gia st v € C(Q%, E) 1a mot nghiem tich phan kiéu 1 ctia bat
phuong trinh (4.3). Vi cac gia thiét (Gsz) — (Gs) ding nén theo Dinh 1y 3.4,
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ta thay rang bai toan (4.1)-(4.2) véi dieu kién dia phuong dang
n(t) = v(t,0), t € [0,00), n2(x) = v(0,z), z € [0, ]
c6 duy nhat mot nghiém tich phan u(t, z) kiéu 1 théa méan
u(t,z) =v(t,0) ®v(0,z) ©f v(0,0) BEE T, f(t,z,u(t, x))
v6i moi (t,z) € Q% . Khi do, ta c6

doo (u(t, z),v(t, x))

gtqlqu RL
< +doo (o TL, f(t, 2 ult, ), BT, f(t, z,0(t, x))).
< T e (R T ) B T, (00 0)

Stt dung danh gia tuong tu (3.27), ta duge

q1 »q2
doo(ult, 2),0(t,2)) < —— - &

0 Bt
>~ F((]1 + 1)P(q2 + 1) + LG(B? b7 qi1, QQ)Hﬁ(uv U)e : (48)

Nhan c4 hai vé bat phuong trinh (4.8) v6i e~ #* ta dugc

_61; < 5#111-112 0
e Ptdoo (u(t, x), v(t,x)) < T TGt D LG(B,b,q1,92) Hg(u,v).
(4.9)

Vé6i 8 > qq1, ta cod

q1
max o — 0
tefo,00) Pt efn

Lay supremum ci hai vé clia bat dang thitc (4.9) ta duge

q
HY(u,v) < 24, 0% + LG(B,b,q1,q2)HS(u,v).
T P (g + 1) (g2 + 1) e

Tt Nhan xét 3.1, ta c6 thé chon 8 > 0 du lén sao cho

91 3q2
Co i = il >0

e#T (g1 + (g2 + 1) |1 = LG(B, b a1, 2)|

Do d6, ta dugc Hj(u,v) < coe. Bai toan (4.1)- (4.2) la 6n dinh Hyers-Ulam

kiéu 1.
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Mat khéc, khi bo sung diéu kien (Gg) (trang 82), vi cac diéu kién ctia Dinh
ly 3.5 dugc thdéa man nén bai toan (4.1)-(4.2) véi diéu kien dia phuong dang

m(t) = v(t,0), t € [0,00), n2(x) =v(0,z), z € [0, ]
c6 duy nhat mot nghiém tich phan u(t, z) kiéu 2 théa man
u(t,z) = v(t,0)®v(0,z)Spv(0,0)on (—1)FXTY, f(t, 2, u(t,2)), V (t,2) € QY.
Tu tinh chat iv) clia metric do, trong Ménh dé 1.3 (trang 24), ta c6

doo (u(t, z),v(t,x))

< o o (R T Sl ) BT (10, )
D+ 1) (g2 +1) e O

Tiép tuc lap luan tuong tu nhu doéi v6i chiing minh tinh 6n dinh Hyers-Ulam
kiéu 1, ta cling chi ra dugc ring véi 8 > 0 di 16n ton tai
q]?l bQQ

Co = >0
ML (g1 + 1T (g2 + 1) [1 = LG(B,b, 1, g2)

sao cho Hj(u,v) < coe. Diéu nay c6 nghia bai toan (4.1)- (4.2) la 6n dinh
Hyers-Ulam kiéu 2. Dinh 1y dudc chiing minh. O

4.1.2. Tinh 6n dinh Hyers-Ulam-Rassias
V6i @ € LY (02 ,[0,00)) N L>=(Q_, [0,00)), ta xét bat phuong trinh
doo(gHqu(t,x),f(t,a:,v(t,x))) < ®(t,x), (t,z) € QY. (4.10)
Dinh nghia 4.4.

1) Ham v € Wy (Q%, E) 13 mot nghiem kiéu 1 clia bat phuong trinh (4.10)
néu ton tai ham hz € C(Q% , F) sao cho
(1) doo(hs(t,z),0) < ®(t, ), (t,2) € QO

(ii) gCHDqU(t,x) = f(t,x,v(t,x)) ® h3(t,x), (t,z) € Q2.
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2) Ham v € W,(Q%, F) 1a mot nghiém kiéu 2 clia bat phuong trinh (4.10)
néu ton tai ham hy € C(Q% , F) sao cho
(1) doo(ha(t,x),0) < ®(t,z), (t,x) € QY,
(ii) SuDiv(t,x) = f(t,z,v(t, x)) @ ha(t,z), (t,2) € QL.
Chitng minh tuong tu Ménh deé 4.1, ta dudc két qua sau:
Meénh dé 4.2.
1) Néu v la mot nghiém tich phan kiéu 1 cia bat phuong trinh (4.10) thi v
théa man bat phuong trinh tich phan sau véi moi (t,z) € Qb
doo (v(t, 2),v(t,0) ® v(0, 2)S Hv(0,0) BRE i f(t,z,v(t, x))
<FE I ®(t, ). (4.11)
2) Néu v la mot nghiem tich phan kiéu 2 ciia bat phuong trinh (4.10) thi v
théa man bat phuong trinh tich phan sau véi moi (t,z) € Qb
doo (v(t, x),v(t,0) B v(0,2)0Hv(0,0) Ox (—1)§LIg+f(t,x, v(t,x)))

<FE I ®(, ). (4.12)
Dinh nghia 4.5.

1) Ham v € C(Q%, E) duge goi 1a nghiém tich phan kiéu 1 ctia bat phuong
trinh (4.10) néu n6 théa man (4.11).

2) Ham v € C(QY,, E) dudc goi 1 nghiém tich phan kiéu 2 ctia bat phuong
trinh (4.10) néu n6 théa man (4.12).
Dinh nghia 4.6. Bai toan (4.1) - (4.2) dudc goi la on dinh Hyers-Ulam-
Rassias ki¢u k (k = 1,2) theo ® néu ton tai mot s6 thuc cre > 0 sao cho
v6i mdi nghiém tich phan v kiéu k ctia bat phuong trinh (4.10), ton tai mot

nghiém tich phan u kiéu k ctia bai toan (4.1)- (4.2) sao cho

Hj(u,v) <cpo sup Ot z).
(t,x)€eN?
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Dinh li 4.2. Gid st f € C(Q% x C(Q%,,E),E), cic gid thiét (Gz) — (Gs)
(trang 80) diing va vdi moéi ham ® € LY(Q2 ,[0,4+00)) N L>®(Q2,[0,00)), ton

tat me > 0, v >0 sao cho
RLIT ®(t, ) < mae” ®(t,z), V(t,z) € QL. (4.13)

Khi dé, bai todn (4.1)- (4.2) la on dinh Hyers-Ulam-Rassias kiéu 1. Hon nita,
néu gid st thém rang diéeu kién (Go) (trang 82) dugc théa man thi bai todn
(4.1)- (4.2) la on dinh Hyers-Ulam-Rassias kiéu 2.

Chatng minh. Trong dinh 1y nay, ching t6i di chiing minh chi tiét tinh on dinh
Hyers-Ulam-Rassias kiéu 2 ctia bai toan (4.1)- (4.2). Tinh 6n dinh Hyers-Ulam-
Rassias kiéu 1 ciia bai toan dugc chiing minh tuong tu dua trén cac két qua
Dinh 1y 3.4 va Ménh dé 1.3. Gid sit v € C(Q%, E) 12 mot nghigm tich phan
kiéu 2 ctia bat phuong trinh (4.10). Béi cac gia thiét (Gz) — (Gs) (trang 80)
va (Go) (trang 82) ding nén theo Dinh 1y 3.5, ta thiy rang bai toan (4.1)-(4.2)

v6i diéu kien dia phuong dang
m(t) =v(t,0), t € [0,00), n2(x) =v(0,2), z € [0, D]
c6 duy nhat mot nghiém tich phan u(t, z) kiéu 2 théa man
u(t,z) =v(t,0) ®v(0,z) ©y v(0,0) Ox (—1)§LIg+f(t, x,u(t,x))
v6i moi (t,x) € Q% . Khi dé, ta c

doo (u(t, z),v(t, x))
< de(v(t,0) ®v(0,2) O v(0,0) ©p (—1)FFIL, f(t, z,u(t,z)),v(t, x))

RL
<PL 19 3(t,2) + doo (3 T8, f(t, 2 ult,2)),BE T2, f(t,2,0(t, 7).
Chiing minh tuong tu (3.27), ta dugc

doo (u(t, ), v(t, z)) < I8, &(t,z) + LG(B, b, a1, q2)Hy (u, v)eft.  (4.14)
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Tu gid thiét (4.13), ta thay v6i moi 8 > v thi
P (u(t, ), 0(t, ) < ma®(t,x) + LGB b a1, ) H(u. ).

T Nhan xét 3.1, ta ciing c¢6 thé chon 8 > 0 sao cho

me
Ctp = > 0.
I 1- LG(/Baba q17QZ)

Diéu nay suy ra rang Hg(u,v) < ¢y sup ®(t,z). Do do, bai toan (4.1)-
(t,z)eQl,

(4.2) 14 én dinh Hyers-Ulam-Rassias kiéu 2. Dinh 1y dugc chitng minh. U

4.2. Tinh 6n dinh Lyapunov
Trong phan nay, ching to6i nghién cttu bai toan
CoDMu(t, ) = f(t @, u(t, @), (o) € O = [0,00) x [0,8]  (4.1)

u(t,0) =n1(t), te€[0,00), u(0,z)=mn(x), x€][0,d (4.2)

v6i gia thiét f: Q0 x C(Q,,E) = E, f(t,z,0) =0, m1 € C([0,00),E), 12 €
C([0,0], E') 1a cac ham cho trudc sao cho céc hieu n1(t) ©g 11(0), n2(x) O
n1(0) ton tai v6i moit > 0,z € [0,b] va 11(0) = n2(0) = u(0, 0).

Trong trudng hop nay, sé md 0 duge goi 1a mot diém can bing ciia he dong

lyc duge xac dinh bdi phuong trinh (4.1).

Dinh nghia 4.7. Diém can bing 0 cfia bai toan (4.1)-(4.2) dugc goi 1a 6n

dinh theo bién t néu v6i moi € > 0, ton tai § > 0 sao cho néu
doo(m(t),f)) <6, t>0, doo(ng(as),()) < 0, z €[0,]
thi tat cd cac nghiem u(t, z) clia bai toan (4.1)- (4.2) théa man
doo (u(t, 2),0) < € v6i moi (t,z) € QY.

Dé chitng minh tinh on dinh ctia bai toan (4.1)- (4.2), ta gid st ham f thda

man diéu kién
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(Gj5) Ton tai 8 > 1 sao cho

oo (f (2, 91 (8, 2)), f(t, 2, $2(t,2))) < Lt + 1) Pdoo(91(t, 2), Pa(t, 2))
v6i moi ¢1, ¢ € C(Q8, E), (t,7) € Q8 va xét bd dé sau
Bé dé 4.1. [49] Gid st r(t,z),a(t,x) va b(t,x) la cdc ham s6 thuc lién tuc
khong am zdc dinh véi moit,x € Ry. Néu
r(t,x) <a(t,z)+ /Ot /096 b(s,z)r(s, z)dzds, t,z € Ry
thi

t T
r(t,z) < max a(s, z) exp (/ / b(s, z)dzds) vdi moi t,x € Ry.
(s,2)€]0,t] x[0,x] o Jo

Dinh i 4.3. Gid st f € C(Q2, x C(Q°,E), E) va cdc gid thiét (G), (Gs)
(trang 80) dugc théa man. Khi dé, diém can bing 0 ciia bai todn la on dinh.

Chitng minh. Theo gia thiét (Gj), ton tai 8 > 1 sao cho
doo (f(t, x,u(t, x)), f(t,x,v(t,x))) < L(t + 1) Pdo (u(t, ), v(t, )
v6i moi (t,x) € Q2. Didu nay suy ra
doo (f(t,z,u(t,x)), f(t,z,v(t,x))) < Ldoo (u(t,x),v(t,z)),t > 0,2 € [0,].

Do do6, dieu kién (Gs) duge théa man. Theo Dinh 1y 3.4, v6i mdi diéu kien
ban dau (4.2), phuong trinh (4.1) c¢6 duy nhat nghiém tich phan kiéu 1 trén
QL.

Gia st u(t,z) 1a mot nghiém tich phan kiéu 1 clia bai todn. Tit tinh chat
i1) clia metric do, trong Ménh dé 1.3 va gia thiét (Gj), ta c6

A

doo (u(t, ), 0) < doo (¥(t,2),0) + doo(gLIngf(t,x,u(t, z)),0)

T(g2) / / ) (@ — 2)2 (s + 1) Pdoo (u(s, 2),0)dzds.



99

Ap dung Bé dé 4.1, ta nhan duge

~

doofu(t,z)0) < mmax - doo((5, 2),0)

(s,2)€]0, t]

X exp / / )L z)q2_1(3+1)_5dzds).
['(q1)T(g2)

Mat khac, ta co

/t(t — ) (s 4+ 1)7Pds
0

t

:/Q(t—s)‘h_l(s%—l)_ﬁds—k/t( t—s8) 1 (s 4+ 1)7Pds

1—1 % -8 [t
< (%)q / (s+1)" 6ds+ / )1 ~tds
0

t 1-p
SR

0N S >”1 s

véi B> 1.

Hon nita, v6i moi t > 0,8 > 1,q; € (0,1), dé thay réng

1 (t-+1)1_6
_ (L .

2 < 1 (f) " (4.16)

p—1 T l-q\2
Két hop (4.15) va (4.16), ta dugc
‘ 1 1
/0 (t—s) 1 (s +1)Pds < T —I—q—l,véiﬁ> L. (4.17)
Tu do suy ra
doult,@),0) € max  duo(W(s,2), 0)ermiHan (o ar)
(s,2)€[0, ]><[0 x]

Lb92 1 1
Nhu vay véi moi € > 0, ton tai § = e T@)T(a2+D) (1 q1+q1) > 0, sao cho cac

ham 77,7 thoa man

R 1) R
max do(71(8),0) < = va max du(n2(2),0) <
s€[0,t] 3 z€[0,z]

Wl
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Diéu nay c6 nghia
max doo(@b(t,x),()) < max doo(771(3),0) + max doo(ng(z),f))

(s,2)€[0,t]x[0,z] s€]0,t] z€[0,x]

Khi d6, ta duge doo(u(t,z),0) < &, V (t,z) € Q¥ . Vay diém can bing 0 ciia
bai toan (4.1)- (4.2) 1a én dinh. O

4.3. Mot s6 vi du minh hoa

Vi du 4.1. Xét phuong trinh dao ham riéng hyperbolic md bac phan sb sau

1
e+ets 1t 1 2

cnDu(t,z) = u(t,z), (t,x) € O, = [0,00) x [0,3]  (4.18)
v6i dieu kién bien dia phuong
u(t,0) = (t+1)C, t € [0,00), u(0,z) =e*C, z € [0, 3] (4.19)

trong d6 ¢ = (q1,¢2) € [0,1) x [0,1) va C' 13 mot sd mo.

V6i moi (t,z) € Q2 , ta dat

1
syt 2

flt,z,u(t,x)) = (t,z).

Khi do6, dé thay rang

1

mdoo(u(t, x),v(t,z))

doo (f(t, @, u(t, ), f(t, @, 0(t,2))) <
va f(t,z,0) = 0. Do d6, f thoa man gia thiét (Gs) va (G4). Hon nita, véi moi
(t,z) € O3, ta co

A

doo (u(t,0),0) < e'doo(C,0) va doo (u(0,2),0) < edu (C, 0).

Nhu vay, diéu kien (Gs) duge théa man véi My = do (C,0), Mg = e3doo (C, 0)
va ¢5 = 1. Theo Dinh ly 3.4, bai toan (4.18) -(4.19) ¢6 duy nhat mot nghiem
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tich phan kiéu 1 trén Q3_. Thém vio d6, theo Dinh 1y 4.1, bai toan (4.18)-(4.19)
1a 6n dinh Hyers-Ulam kiéu 1.
Mat khac, néu ta chon ®(t,z) = (t + 1)7%", a > 1, b > 0, v6i moi

(t,z) € Q3_, thi ta c6

RLI® (¢, x) = m/o (t —s)2 (s +1)"ds /Ox(.r — 2)27 ez,

Tt chitng minh Bé dé 3.1, ta suy ra véi € > 0 tiy ¥, ton tai C' > 0 sao cho

/Ox(x B Z)q2—16bzdz < %[Q(bi)? N %(bi)qz].

Hon nta, theo (4.17), ta c6 danh gia

— s s s —
0 -1 @

Do do, ta co

RL14p(t, x)

<t rimrna—a PGe) i) e e,

Nhu vay, ton tai

= s ) T+ ) o
D(gp + D + 1)1 —q1) L' \pri= b\pr=
va v = a sao cho BET91®(t, x) < mge’*®(t, x). Didu nay ching t6 ® théa man
diéu kién (4.13). Theo Dinh 1y 4.2, bai toan (4.18) -(4.19) 1a 6n dinh Hyers-
Ulam-Rassias kiéu 1 theo ®(t,z) = (t +1)7 %", a > 1,b> 0, (t,z) € Q..

Vi du 4.2. Xét phuong trinh dao ham riéng hyperbolic md bac phan s6

gHun(t,x) = (t+1)7%(e* +2° + u(t, ), (t,z) € Q% =10, +00) x [0,2]
(4.20)

v6i dieéu kién bien dia phuong
u(t,0) = (2t +1)C, t € [0,400), u(0,2) = (2* + 2z +2)C, = € [0,2]. (4.21)

trong d6 ¢ = (q1,q2) € [0,1) x [0,1), C' 14 mot s6 mo.
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Dat f(t,z,u(t,z)) = (t+1)"2(e® + 2 + 3)u(t, x), V(t,z) € Q% . D& thay,
voiu € C(Q2,E), f(t,z,u(t,z)) 1A mot ham lién tuc va bai toan (4.20)-(4.21)
théa man diéu kien (Gj) véi f=2,L = e? + 11.

Hon ntta, vi ny(t) = (2t +1)C, na2(x) = (22 + 22 +2)C, v6i mai (¢, z) € Q2
nén ta c6 diéu kien (Gs) thoa man véi Ms = doo(C,0),c5 = 2 va Mg =
10d+(C, 0).

Do d6, theo Dinh 1y 4.3, diém can bing 0 ctia bai toan (4.20)-(4.21) 1a én
dinh.

Két luan Chuong 4

Trong chuong nay, ching to6i nghién ctu hai kiéu 6n dinh ctia bai toan bién
dia phuong ddi v6i phuong trinh dao ham rieng md dang hyperbolic bac phan

s6 dudi tinh kha vi gH-Caputo:
1) Tinh 6n dinh Ulam (Dinh 1y 4.1 v& Dinh 1y 4.2).
2) Tinh 6n dinh Lyapunov (Dinh Iy 4.3).

Mac di1, céc két qua vé tinh hit, tinh on dinh tiém can theo nghia Lyapunov
cila cac bai toan phuong trinh vi phan dao ham riéng trong giai tich cd dién la
kha phong phi, cac két qua nay khi dugc xét trén khong gian cac s6 md con

rat han ché va 14 bai toan md can dudce nghién citu.
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KET LUAN VA KIEN NGHI

1. Cac két qua dat dudgc

Trong luan 4n nay, chiing t6i nghién citu bai toan bién doi véi phuong trinh

hyperbolic md cé tré va bai toan bién doéi véi phuong trinh dao ham rieng mo

dang hyperbolic bac phan s6. Luan an dat dudc céc két qua sau:

1)

Dinh nghia dugc hai loai nghiém tich phan tuong tng véi hai kiéu dao
ham Hukuhara suy rong ctia ham hai bién gia tri s6 md ctia bai toan bién
dia phuong cho phuong trinh hyperbolic mé ¢6 tré. Ching minh dugce sy
ton tai v duy nhat clia ting loai nghiém tich phan mdo ctia bai toan bién
dia phuong cho phuong trinh hyperbolic md c6 tré trong mién bi chin

va mién vo han.

Xay dung khai niém tich phan Riemann - Liouville cho ham hai bién gia
tri mo va chitng minh tinh dung dan ctia dinh nghia thong qua viéc st
dung Dinh 1y Stacking. Tt d6 dua ra khai niém vé dao ham gH-Caputo

ciing nhiéu vi du minh hoa.

bat bai toan bién dia phuong cho phuong trinh dao ham riéng md dang
hyperbolic bac phan s6 duédi tinh kha vi gH-Caputo. Dinh nghia hai loai
nghiém tich phan tuong tng véi hai kiéu dao ham gH-Caputo clia bai
toan. Ching minh sy ton tai vd duy nhat nghiém ctia bai toan bién dia
phuong cho phuong trinh dao ham riéng mdé dang hyperbolic bac phan
s6 trong truong hop vé phai Lipschitz. Khi vé phai khong Lipschitz, st

dung mot phién ban ctia Dinh ly Schauder trong khong gian metric nita
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tuyén tinh, ching t6i chiing minh dugdc sy ton tai nghiém ciia bai toan

trén mién bi chan.

4) Véi cac diéu kién bo sung ciia vé phai va diéu kién bién, chiing toi chitng
minh dude mot s6 tinh chat dinh tinh ctia nghiém ciia bai toan bién dia
phuong cho phuong trinh dao ham riéng mé dang hyperbolic bac phan

sO trong mién vo han:

e Tinh 6n dinh Ulam.

e Tinh én dinh Lyapunov.
2. Kién nghi mét s6 van dé nghién citu tiép theo

Bén canh cac két qua da dat duge trong luan an, mot s6 van dé md lién

quan can dugc tiép tuc nghién ctu:
e Nghién cttu phuong trinh dao ham riéng md bac phan sé co tré.

e Nghién cttu bai toan bién khong dia phuong ctia phuong trinh dao ham

rieng md bac phan so.
e Nghién cttu phuong trinh dao ham riéng mo ngau nhién.

e Nghién cttu phuong trinh tién hoéa mdo bang phuong phap nita nhém.
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